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, PREFACE. 



The excellent treatises on Algebra, which have been 
prepared by Professor Smyth and Professor Davies, 
containing as they do the best improvements of 
Bourdon and other French writers, would seem to 
leave nothing to be desired in this department of 
mathematics. The form, however, adopted in Eng- 
lish works of instruction, of dividing the subject as 
much as possible into separate propositions, is prob- 
ably the best adapted to the character of the English 
pupil. This form has, therefore, been adopted in 
the present treatise, while the investigation of each 
proposition has been conducted according to the 
French System of analysis. 

Great care has been taken in the choice of exam- 
ples, and free use has been made of Meier Hirsch's 
selection of problems. The principal aim has, in- 
deed, been to communicate that mechanical dexterity 
in the use of symbols, which is so important to the 
expert algebraist, and without which great progress 
in the higher branches of the science is almost im- 
possible. 

As this work is one of a Course of Mathematics, 
all subjects have been excluded from it, which do 
not strictly come within its limits. This will ac- 
count for the omission of the indetermiruUe analysis^ 



IV PBSrACE. 

which is referred to the Theory of lumbers ; for 
that of the theory of combinations ^ which is referred 
to the Doctrine of Chances ; and for that of the de- 
velopment of fractions and logarithms into series, 
which is referred to the Theory of Functions. 

The polynomial theorem of Arbogast/in art. 137, 
which, in beauty and facility af application, rivals 
the binomial theorem of Newton, will probably be 
new to most readers, as it is believed never before 
to have found its way into an elementary treatise. 
No apology need be made for the length of its demon- 
stration to one, familiar with the original investiga- 
tions of Arbogast, or who reflects upon its generality 
and unavoidable intricacy ; the learner will, however, 
find it less complex than it appears to be ; and, at 
any rate, he may easily become familiar with the 
use of the theorem, even if he find the demonstra- 
tion too abstruse. 

The peculiar class of equations, introduced in 
article 118, being examples 10, 11, 12 of that arti- 
cle, will probably be as new to most readers, as they 
were to the author ; exhibiting the singular peculi- 
arity of being reduced in degree by the process of 
elimination. These examples might have been mul- 
tiplied to any extent, and are by no means acciden- 
tal in their formation. 

BENJAMIN PEIRCE. 
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ALGEBRA. 



CHAPTER I. 

Fundamental Processes of Algebra, 

SECTION I. 

Definitions and Notation. 

1. Algebra, according to the usual definition, is 
that branch of mathematics in which the quantities 
considered are represented by the letters of the alpha- 
bet, and the operations to be performed upon them 
are indicated by signs. In this sense it would em- 
brace almost the whole science of mathematics, ele- 
mentary geometry alone being excepted. It is, con- 
sequently, subject in common use to some limitations, 
which will be more easily understood, when we are 
farther advanced in the science. 

2. The sign + is called plus or morej or the post-- 
live sign, and placed between two quantities denotes 
that they are to be added together. 

Thus 34^5 is 3 plus or more 5, and denotes the sum of 
3 and 5. Likewise a -|- 6 is the sum of a and b, or of the 
quantities which a and b represent. 
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Signs of Addition, Subtraction,. Multiplication, and Division. 

3. The sign — is csdled minus or lesSj or the nega- 
tive sign, and placed between two quantities denotes 
that the quantity which follows it is to be subtracted 
from the one which precedes it. 

Thus 7 — 2 is 7 minus or less 2, and denotes the remain- 
der after subtracting 2 from 7. Likewise a — 6 is the re- 
mainder after subtracting 6 from a, 

4. The sign X is called the sign of multiplication, 
and placed between two quantities denotes that thdy 
are to be multiplied together. A point is often used 
instead of this sign, or, when the quantities to be 
multiplied together are represented by letters, the sign 
may be altogether omitted. 

Thus 3 X 6 X 7, or 3 . 6 . 7 is the continued product of 
3, 5, and 7. Likewise 12 X « X &, or 12 . a . 6, or 12 a b, 
is the continued product of 12, a, and 6. 

6. The factor of a product is sometimes called its 
coefficient, and the numerical factor is called the nw- 
merical coefficient. When no coefficient is written, 
the coefficient may be considered to be unity. 

Thus in the expression 15 a b, 15 is the numerical co- 
efficient of a 6 ; and in the expression xy^ I may be regarded 
as the coefficient of x y. 

6. The continued product of a quantity multiplied 
repeatedly by itself, is called the powe7\o( the quan- 
tity; and the number of times, which the quantity 
is taken as a factor, is called the exponent of the 
power. 

The power is expressed by writing the quantity 
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Coefficient. Power. Root. 

once with the exponent to the right of the quanity, 
and a little above it. When no exponent is written, 
the exponent may be considered to be unity. 

Thus the fifth power of a is written ap, and the exponent 
of a may be regarded as 1. 

7. The root of a quantity is the quantity ,which, 
multiplied a certain number of times by itself, pro- 
duces the. given tiuantity ; and the index of the root 
is the number of times which the root is contained as 
a factor in the given quantity. 

The sign ^/ is called the radical sign, and when 
prefixed to a quantity indicates that its root is to be 
extracted, the index of the root^ being placed to the 
left of the sign and a little above it. The index 2 is 
generally omitted, and the radical sign, without any 
index, is regarded as indicating the second or square 
root. , 

2 

Thus, ^/a or ^/a is the square root of a, 

3 

s/a is the third or cube root of a» 
Vfl is the fourth root of a, 

• n' 

^/a is the nth root of a, 

8. The signs— and : are called the signs of divis- 
ion, and either of them placed between two quantities 
denotes that the quantity which precedes it is to be 
divided by the one which follows it. The process of 
division is also indicated by placing the dividend over 
the divisor with a line between them. 

Thus, fl -^ 6, or a : 6, or 7 denotes the quotient of a di- 
vided by 6. 
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Signs of Equality and Inequality. Algebraic Quantity. 

9. The sign = is called equal to, and placed be- 
tween two quantities denotes that they are equal to 
each other, and the expression in which this sign 
. occurs is called an equation. 

Thus, the equation a s=s 6 denotes that a is equal to 6. 

lOi The sign > is called greater than, and the sign 
< is called less than ; and the expression in which 
either of these signs occurs is called an inequality. 

Thus, the inequality a> b denotes that a is greater than 
b ; and the inequality a Kb denotes that a is less than b ; 
the greater quantity being always placed at the opening of 
the sign. 

11. An algebraic quantity is any quantity written 
in algebraic language. 

12. An algebraic quantity, in which the letters are. 
not separated by the signs + and — , is called a mono- 
mial, or a quantity composed of a single term, or sim- 
ply a term. 

Thus, 3 a^y — 10 a^z are monomials. 

13. An algebraic expression composed of several 
terms, connected together by the signs 4-- «nd — , is 
called a polyiiomial, one of two termp is called a bi- 
nomial, one of three a trinomial, &c. 

Thus, a^ -|- 6 is a binomial, 

c-^-x — ^ is a trinomial, &c. 

14. The value of a polynomial is evidently not 
affected by changing the order of its terms. 

Thus, a — b — c-|-rf is the same as a — e — 6-|-rf,or 
a-\'d — 6 — c, or — 6-|-rf+a — c, dtc. 
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Degree, DimeneioD, Vinculum, Bar, Parenthesis, Similar Terms. 

16. Each literal factor of a term is called a dimen- 
sion, and the degree of a term is the number of its 
dimensions. 

The degree of a term is, therefore, found by taking 
the sum of the exponents of its literal factors. 

Thus^7x is of one dimension, or of the first degree; 
5 a^ 6 c is of four dimensions, or of the fourth degree, &c. 

16. A polynomial is homogeneous, when all its 
terms are of the same degree. 

Thus, ^a — 26-|-cis homogeneous of the first degree, 
8 a3& — ^ 16 a^ b^ -|- 6^ is homogeneous of the fourth degree. 

17. A vinculum or bar ^, placed over a quan- 

tity^ or a parenthesis ( ) enclosing it, is used to ex- 
press that all the terms of the quantity are to be 
considered together. 

Thus, {a-j-b-^-c) X dis the product of a -|- ^ + c by rf, 
^xa+y2,.or \^{x^ +y^) is the square root of x^ +y2. 
The bar is sometimes placed vertically. 
Thus, 



a 


x-\-5a' 


x'—Zc 


— 26 


+ 4d 


+ 8e 


— 2d 


— 1 



is the same as 

(a_26+3c)z-|-(6«2^3— 2</)z2-f (— 3c-f4rf— l)xa. 

18. Similar terms are those in which the numerical 
coefficients being neglected, the literal factors are 
identical. 

Thuss 7ab and — Zab are similar terms, 
and .,^5a^b^ and 3 a^ b^ are similar ; 

but 2 a^ 6^ and 2 a^ b^ are not similar.. 

1# 
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Reduction of Polynomials. 



19. The terms of a polynomial which are preceded 
by the sign + are called the positive terms, and those 
which are preceded by the sign — are called the negor 
tive terms. 

When the first term is not preceded by any sign it 
is to be regarded as positive. 

20. The following rule for reducing polynomials, 
which contain similar terms, is too obvious to require 
demonstration. 

Find the sum of the similar positive terms by cuHd" 
ing their coefficients^ and in the same way the sum 
of their similar negative terms. The difference of 
these su?ns preceded by the sign of the greater, m^ay 
be substituted as a single term for the terms from 
which it is obtained. 

When these sums are equal, they cancel each other, 
and the corresponding terms are to be omitted. 

Thus, d2 6 — 9a62_^8o2 6^5c_3a2 6+8a62 — 
2a2 6 + c-f a62— 8c is the same asSa^fc — 2c. 

EXAMPLES. 

1. Redace the polynomial 10 a* + 3 a* -|- 6 a* — a* — »- 
5a^ to its simplest form. Ans. 13 a^.^ 

2. Reduce the polynomial 5 a* 6 -|- ^^/a b^c — 7 a 6 -|- 
17 ab + 2/s/ab^ c — 6 a^ b — 8 \^ab^ c-^ iOab +9 a^ b 
to its simplest form. Ans. 8a^ b — 3 /s/a b^ c. 

3. Reduce the polynomial 3 a — 2 a — 7/-|-3/-|-2a 
-1-4/ — 3 a to its simplest form. Ans. 0. 
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Addition. 



SECTION II. 
AdditioD. 

21. Addition consists in finding the quantity equiv- 
alent to the aggregate or sum of several different 
quantities. 

22. Problem. To find the sxwn of any given qtuin- 
tities. 

Solution. The following solution requires no de- 
monstration. 

The quantities to he added are to be written after 
each other with the proper sign between them, and the 
polynomial thus obtained can be reduced to its sim* 
plest form by art. 20. 

EXAMPLES, 

1. Find the sum of a and a. Arts. 2 a. 

2. Find the sum of 11 x and 9z, . . Ans. 20 «• 

3. Find the sum of 11 x and — 9x. Ans, 2x. 

4. Find the sum of — 1 1 x and 9 x. Ans. — 2 x. 

5. Find the sum of — 11 x and — 9x. Ans. -> 20x. 

6. Find the sum of a and — 6. Ans. a — b. 

7. Find the sum of — 6/, 9/, 18/, and — 8/. Ans. 8/. 

8. Find the sum of — 12 6,-4 b, and 13 b. Ans. — 3 6. 
-9. Find the sum of \/x -|-ax — a6, ab — \/x + x y, 

aX'\'Xy — 4a 6, >/*+ V* — * ^^^ x^ -|- xy -f" ^ ^• 

Ans. 2v^+3ax — 4a6-|-4xy — x. 
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Subtraclion. 



10. F'indihes\xmo(7x^ — 6\^+5x^z + 3—g 

— 2x2 -1-3 \/x+ 3^3 2 — 1—5^ 
x^+8A/x—5x^z + 9+g 
Ans. 4x2 + 3 V? ^2 + 5^. 



SECTION ni. 
Subtra^ction. 

23. Subtraction consists in finding the difference 
between two quantities. 

24. Problem. To subtract one quantity from an- 
other. 

Solution, Let A denote the aggregate of all the positive 
terms of the quantity to be subtracted^ and B the aggregate 
of all its negative terms ; then A — .B is the quantity to 
be subtracted, and let & denote the quantity from which it 
it is to be taken. 

If ii alone be taken from C, the remainder C — ^ is as 
much too small as the quantity subtracted is too large, that 
is, as much as A is larger than A — B. The required re- 
mainder is, consequently, obtained by increasing C — ii by 
the excess of A above A — B, that is, by B, and it is thus 
found to be C— A + B. 

The same result would be obtained by adding to C the 
quantity A — B, with its signs reversed^ so as to make it 
— A-^B. Hence, 

To subtract one quantity from another , change the 
signs of the quantity to be subtra^cted from + io — i 
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MultiplicatioD of Monomials. 

and from — to -|-> «wrf add it with Us signs thus re- 
versed to the quantity frofn which it is to- be taken. 



EXAMPLES. 



1. From a 


take 6 + c. 


Ans, a — h 


2. From a 


take — h. 


Ans. a + 6. 


3. From 5 a 


take — 5 a. 


Ans, 10 a. 


4. From' la 


take 12 a. 


Ans. — 5 a. 


5. From — 19 a 


take —20 a. 


Ans. a. 


6. From 12 


take —7. 


Ans. 19. 


7. From — 2 


take 5. 


Ans. —7. 


8. From —11 


take —20. 


Ans. 9. 


9. FromSa — 176— 106-f 13a- 


-2a 


takc 66 — g 


la — 6 — 2a-f 3rf 


+ 9a — 5A. 



— — c. 



Ans. 15 a — 32 6 — 3rf-f 5A. 

10. Reduce 32 a -f 3 6 — (5 a -f 17 6) to its simplest 
form. Ans. 27 a — 14 6. 

11. Reducea + 6 — (2a — 36) — (5a + 76^ — 

( — 13 a -|- 2 6) to its simplest form. Ans. la — 5 6. 



SECTION IV. 

^lultiplication. 

25. Problem. To find the continued product of sev^ 
eral monomials. 

Solution. The required product is indicated by writing 
the given monomials after each other with the sign of multi- 
plication between them, and thus a monomial is formed, 
which is the continued product of all the factors of the gi?en 
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monomials. But as the order of the factors may be changed 
at pleasure, the numerical factors may all be united in one 
product. 

Hence the coefficient of the product of given mono- 
mials is the product of their coefficients. 

The different powers of the same letter may also be 
brought together, and since, by art. 6, each exponent de- 
^ notes the number of times which the letter occurs as a factor - 
in the corresponding term, the number of times which it 
occurs as a factor in the product must be equal to the sum of 
the exponents. 

Hence every letter which is contained in any of the 
given factors must be written in the product, with an 
exponent equal to the suan of all its exponents in the 
liferent factors. 

EXAMPLES. 

1. Multiply a 6 by crfe. Ans. ahcde. 

2. Find the continued product of 3 ai^, 2 c cf, and efg. 

Ans. 6 a 6 c defg. 

3. Multiply a» by a\ Ans. a" + ». 

4. Find the continued product of fia^, a"^, 7a^, and 3a«. 

Ans. 105 a2i. 

5. Multiply 7 a3 b^ by 10 ab^ c^d. Ans. 70 a* 6^ c^d. 

6. Find the continued product of 5a^b^, a^b^, and 
4 a 68 c. ^115. 20 a^b^^c. 

7. Find the continued product of «« 6p c^, a» ft** c*, and 
a~ + »6. Ans. a2«+2« 6p'+r4-ic^4.,^ 

26. Problem. To find the product of two polyno- 
mials. 
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Solution, Denote the aggregate of all the positive terms 
of on^ factor by A and of the other by jB, and those of their 
negative terms respectively by C and D ; and, then, the fac- 
tors are -4 — C and B — D. 

Now, if il — Cis multiplied by.jB it is taken as many 
times too oflen as there are units in D ; so that the required 
product must be the product of ^ — Cby B, diminished 
by the product of -4 — C by 1> ; that is, 

{A — C) (B — D) :=^ {A — C) B — (A — C) D. 

Again, by similar reasoning, the product of ^ — C hy B, 
that is, of jB by A — C, must be 

{A — C)B=r=.AB — BC, 

and that of (^ — C) by D must be 

{A — C) D^=^AD — CD; 

and, therefore, the required product is, by art. 24, 

. (A — C){B—P) = AB — BC—AD-\'CD. 

The positive terms of this product, AB and CD, are ob- 
tained from the product of the positive terms A and By or 
from that of the negative terms — C and — D -, but the 
negative terms of the product, as — jBC and — AD, are 
obtained from the product of the negative term of one factor 
by the positive term of the other, as — C by jB or — D by A, 
Hence, 

The prod%ict of two polynomials is obtained by mul- 
tiplying each term of one factor^ by each term of the 
other, as in art. 25, and the product of two terms 
which have the same sign is to be affected with the 
sign +, while the product of two terms which have 
contrary signs is to be affected by the sign — . 

The result is to be reduced as in art, 20. 
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Multiplication of Polynomials. 

EXAMPLES, 

I. Multiply x^ + y^ by X -f y. 

Ans. a;3 -|- x^ y -|- X y2 ^ yz^ 

3. Multiply x^ -{-xy^ -\-l axhj ax'\^^ax, 

Ans. 6 a x6 + 6 axa y5 -f 42a2 x2. 

3. Multiply — a by 6. Ans, — ab. 

4. Multiply a by — 6. Ans, — ab, 
6. Multiply — a by — 6. Ans, a b, 

6. Multiply — 3 a by 14 e. Ans, — 4Stae. 

7. Multiply — 6 a3 62 by — 1 1 a 63 c. 

Ans. 66 a* 66 c, 

8. Find the continued product of — a, — a, — a, and 
— a, Ans, a*. 

9. Find the continued product of — a^b^ c*e, — a, — c ^ x^, 
c, — 2flx, — 3a6€x, — 7, and 6^ x^. 

ilns. 42 a« 6^ c^ c* x^. 

10. Find the continued product of 7a6x, — ax, — tr, 
62x%— 2 6, — 3, and— 5a7 63a;6. 

Ans. — 210 flS 67 jis. 

II. Multiply a -f 6 by c -f rf. 

^ns. ac'\'ad'\'bc'^bd, 

12. Multiply a3 -|- 62 — c by a^ — 63. 

Ans. a^ — a3 63 -j- a^ 6^ — a^c -:- 6* -f 63ci 

13. Multiply a-)-6 + cbya-f6 — c. 

i4ii5. a2 + 2a6 + 62 — c*. 

14. Multiply x* — 3 X — 7 by X — 2. 

Ans, x3— 5x2_z-j.l4. 

15. Multiply a2 ^ a* ^ 1,6 by ^2 — i, ^;,5, ^s — ^2, 

16. Multiply 8 a» 63 + 36 a^ 6* -f 54 a^ 6^ -f 27 a^ 6^ 
by 8 a» 63 — 36 a« 6* -f 54 a7 6* — 27 a® 66. 

Ans. 64 ai8 6« — 432 a^ 63 + 972 fli* 61® — 729 a^ 6« 
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17. Find the continued product of 3x-|-2y, 2z — 3y, 
— X -f- y, and — 2 x — y. 

Ans. 122* — 16z3y_l3a;2y2-f llxy3+6y*. 

18. Multiply a + 6 by a — b. Ans. a^ — b^. 

19. Multiply 2 a3z -f 7 a^ x^ by 2 a^x — 7a^ x^ 

Ans, 4 a6 x^ — 49 a* x^®. 

27. Corollary. The conlinued product of several 
monomials is, as in -examples 8 and 9, positive, when 
the number of negative factors is even ; and it is nega- 
tive, as in example 10, when the number of negative 
factors is odd. 

28. Corollary. The product of the sum of two 
numbers by their difference is, as in examples 18 and 
19, equal to the difference of their squares. 

29. Theoretn. The product of homogeneous poly- 
nomials is also homogeneous, and the degree of the 
product is equal to the sum of the degrees of the fac- 
tors. 

Demonstration. For the number of factors in each term 
of the product is equal to the sum of the numbers of factors 
in all the terms from which it is obtained ; and^; therefore, 
by art. 15, the degree of each term of the product is equal 
to the sum of the degrees of the factors. Thus, in example 
16, the degree of each factor is 12, and that of the product 
is 12 + 12 or 24. 
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SECTION V. 
DiviiioQ. 

30. Problem. To divide one monomial by another. 

Solution. Since the dividend is the product of the divisor 
and quotient, the quotient must be obtained by suppressing 
in the dividend all. the factors of the divisor which are con- 
tained in the dividend, and simply indicating the division 
with regard to the remaining fkctors of the divisor. Hence, 
from art. 25, 

Suppress the greatest common factor of the numeri- 
cal coefficients. 

Retain each letter of the divisor or dividend in the 
term in which it has the greatest exponent, and sup- 
press it in the other term ; and give it an exponent 
equal to the difference of its exponents in the two 
terms. But when a letter occurs in only one term, 
it is to be retained in that term, toith its exponent un- 
changed. 

The required quotient is, then, equal to the quotient 
of the remaining portion of the dividend divided by 
that of the divisor, and may be indicated as in art 8*; 
or, when the divisor is reduced to unity, the quotient 
is simply equal to the remaining portion of the divi- 
dend. 

The sign of the quotient must, from art 26, be the same 
as that of the divisor when the dividend is positive, and it 
must be the reverse of that of the divisor when the dividend 
is negative ; whence we readily obtain the rule. 
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Division of Monomials. 

When the divisor and dividend are both affected by 
the same sign^ the quotient is positive; but when they 
are affected by contrary signs, the quotient is nega- 
tive. 

The rule for the signs in both division and multiplication 
may be expressed still more concisely as follows. 

Like signs give -}- ^ unlike signs give — . 



EXAMPLES. 

13 6 

1. Divide 65 a 6 by 5 a. Ans. -^p- = 13 6. 

•^ -1 

2. Divide r- 132 a^ bH by 11 a? b^. Ans. — 12 a^e. 

3. Divide lUab^c^ d^e by — 112 a b^e e^h. 

9cd^ 



Ans. 



Ibe^h 



27 

4. Divide — 135 by — 5 a. Ans. — , 



a 



7. Divide — 3 a« 6» by — 4 a? 6« c*". Ans. 



5. Divide 7 a^ x^ by 21 a^ x^. Ans. 5-—. 

o a* 

6. Divide a* by a». Ans. d*»— ». 

T? * 

8, Divide a by — a. Ans, — I. 

9. Divide — a by a. Ans. — 1. 
10. Divide — a by — a. Ans. 1. 

31. Corollary. If the rule for the exponents is applied to 
the case in which the exponent of a letter in the dividend is 
equal to its exponent in the divisor, when^ for instance, <i*" 
is to be divided by a«*, the exponent of the letter in the quo- 
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Exponent equal to Zero. Negative Exponents. 

tient becomes zero. But the quotient of a quaatity divided 
by itself is unity. 

Whence any quantity with an exponent equal to 
zero is unity. 

Thus, a«-4- <*»= of i= 1. 

32. Corollary, When> in example 6 of art. 30, the expo- 
nent n of a in the divisor is greater than its exponent m in 
the dividend, the exponent m ^— n in the quotient is negative ; 
and a negative exponent is thus substituted for the usual frac- 
tional form of the quotient. 

Thus, if m k zero^ we have 

a* -i- a* = 1-^- rf* = — = a— ». 

In the same way we should have 
a 52 c3 -^ as &2 c^d=a^ b^ c^-^a^ b^ c^ dK=^ a-^c^d-K 

Any quotient of monomials may thus be expressed 
by means of negative exponents without using frac- 
tional forms. 

I EXAMPLES. 

1. Divide 6 a^ b^ c^ d by 15 a b^ c^ cP c^. 

Ans, 3-ia36-^cf~2c-*. 

2. Divide 6 a'ft by 9 a 67. 

Ans. §066-6 — 2.3-i«66-6^ 

3. Divide I by 8aii6. 

Ans. ^a-" 6-1 = 8-1 a-" 6-1. 

4. Divide 3 by a, Ans. 3*a- \ 

33. Corollary. Quantities, thus expressed by means 
of fractional exponents, may be used in all calcuhi* 
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Division of Polynomials. 

tions, and may be added, subtracted, multiplied, or 
divided by the rules already given, the signs being 
carefully attended to. 

EXAMPLES. 

1. PindthesumofTa-S-f-Oa^i-y — 6a6-^c% — 3a-3, 
5 a»6-.i'-f 11 a 6-2 c«, a-3— 14 a'"6-i». 

4ii5. 5a-3 + 5a6-2ce. 

-2. Reduce the polynomial 90-36-2^4 — 75^-3^ 
(18a-3 6 _5 a» 6"»-f c* — 3 . 25) — (3 rt» 6«— a-3 6- 2^4 
-^ 3 c^ _ 5 , 25) to its simplest form. 

Ans. 10a-3 6-2c4-f-lla-36— 8fl"6« — 2c« + 2.25. 

3. Multiply a — « by a« -4«5. a "*"•+"=««""" **. 

4. Multiply a»* by a— ». Jins, a« — » 

5. Multiply a-« by a-« Ans. a-« — » = a -^ («+»). 

6. Find the continued product of 1 1 a — 3, — 2 a — *, 4 o^, 
and— 9a7. ^„, ^gg^ 

7. Find the continued product of 2 a -3, 7a-^ and 
— 3a6. ^»s. — 42a-6 = _^ 

ae 

a Find the continued product of 5a3 6--*^ 10 aH^c, and 
— 3«'- , ^»s. — 150ai2 6c. 

9. Multiply — 13 a -16 6-3 by 40-35-6^2, 

Ans.52a-^b-^c-\ 

10. Divide a-« by a*. ^nj. a-«-» = a-(« + »). 

11. Divide a« by -» J,n5. a« + » - 

12. Divide a- « by a -» -Ans, a-» + » = a**-" 

13. Dhide 14a-86c3(^-icby2a6-3cii^;i, 

Ans. la-^b^c-^d-^eh-K 

14. Divide — 3a» by 2a'» + »6c-^ 

Ans, — *a-»A-ic. 
2* 
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DiTisioB of Polynomials, 

34. Problem. Te divide one polynomial by an^ 
other. 

Solution, The term of the dividend, which contains the 
highest power of any letter, must be the product of the term 
of the divisor which contains the highest power of the same, 
letter, multiplied by the term of the quotient which contains 
the highest power of tho same letter. 

A term of the quotient is consequently obtained by 
dividing^ as in art, 30, the term of the dividend which 
contains the highest power of any letter by that term 
of the divisor which contains the highest power of the 
same letter. 

But the dividend is the sum of the products of the divisor 
by each term of the quotient ; and, therefore, 

If the product of the divisor by the term just found 
i> subtracted from the dividend, the remainder must 
be equal to the sum of the products of the divisor by 
the remaining terms of the quotient, and may be used 
as a new dividend to obtain another term of the qux)^ 
tient,. 

By pursuing this process until the dividend is en-- 
tirely exhausted, all the terms of the quotient may be 
obtained. 

It facilitates the application of this method to ar-^ 
range the terms of the dividend and divisor according 
to the powers of some letter, the term, which contains 
the highest poweir being placed first, that which con-- 
tains the next to the highest power being placed nearl, 
and so on,. 
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Division of Polynomials. 

EXAMPLES. 

I. Divide — 16a3a;3 + a6 -^64x6 by 4^x^ + 0^ — Aax. 

Solution. In the following solution the dividend and divisor 
are arranged according to the powers of the letter x; the 
divisor is placed at the right of the dividend with the quotient 
below it. 

As each term of the quotient is obtained, its product by 
the divisor' is placed below the dividend or remainder from 
which it is obtained, and is subtracted from this dividend or 
remainder. 

64 x^ — 16 a3 z^ -f- a^ 4 x^ — 4 a « + a^ = Divisor. 
64x6_64ax5 + 16a2x4 IQx'^+liiax^ + i^aY+Aa^x+cfi 



64ax5 — 16a2x* — 16a3a;3 -j-a^ =3 1st Remainder. 
64 a X 5 — 64 a 2 X 4 -f. 1 6 a 3 X 3 

48 a^ X* — 32 a^ x^ -^ a^ = 2d Remainder. 
49«a 24 _48a3 a;3 -^ 12 a* x2 

16 a3 x3 — 12 a* x^ + a^ = 3d Remainder. 
16 a3 x3 _ 16 a^^ x2 -}- 4 a^x 

4,a^z^ — 4 a&x -|- «^ = 4th Remainder. 

4a^x2 — 4a&x-f-«® 



0. 

Ans. 16x* + 16ax3 + 12a2xa+4a3x + a*. 

2. Divide j& c^ — c^x by c\ Ans. b — x. 

3. Divide a2-[-2a6 + 62 by a-|- 6. Ans. a + 6. 

4. Divide — a8 64 + 15 a ^i h^ — 48 a^^ 66 — 20 a^? 6^ by 
10 a9 62 — 066. ^ws. a2 63— 5a5 6*— 2a8 66. 

6. Divide 1 — 18»2 -|- 81 z^ by 1 + 6« + 9z2. ■ 

Ans. l--6« + 92». 
6. Divide 81 a^ + 16 6ia _ 72 a* 6^ by 9 a* + 12 a» h^ 
+ 4 6«. -Ans. 9 a* — 12 a* 68+4 6«. 
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Division of Polynomials. 

7. Divide a:^"*— Sx^^ySn ^ 3a-2my4n_y6n by x3« — 
3a9«yn^3a;«y2n — y3ii. 

^«5. x3«-f322«yn_|.3jjiHya«^y3» 

8. Divide — 1 rf- a^ «^ by — 1 -f a n. 

9. Divide 2a* — 13 a^ 6+31 a^ 6a — 38a 6^ + 24 6* 
by 2a2 — 3a6 + 462. Ans. a^— 5a6 + 66a. 

10. Divide a^— 6^ by a— 6. Ans. a + 6. 
U. Divide a^ — 6^ by a — 6. Ans. 02 + 06 + 6*. 

12. Divide a*— 6* by a — 6. 

Ans. a3 + a2 6 + a62 + 63. 

13. Divide a^— 6*^ by a — 6. 

Ans.. a* + a8 6 + a2 62 + a63 + 6*. 

35. Corollary. The quotient can be obtained with 
equal facility by using the terms which contain the 
lowest powers of a letter instead of those which contain 
the highest powers. 

In this cascj it is more convenient to place the term 
containing the lowest power first, and that containing 
the next lowest next, and so on. 

This order of terms is called an arrangement aC" 
cording to the ascending powers of the letter; whereas 
that of the preceding article is called an arrangement 
according to the descending powers of the letter. 

36. Corollary. Negative powers are considered to 
be lower than positive powers, or than the power 
zero, and the larger the absolute value of the expo- 
nent the lower the power. 

Thus, a'^TT^ — a^xr-^ + «^ + «^*a; + 0-2 x*, 
is arranged according to the igicending powers of x, and ac- 
cording to the descending powers of a. ^ 
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EXAMPLES. 

1. Divide a^-\-a^ — ar^ — a-* by a^ — a-^. 

Ans. a2 + 1 + /I-2. 

2. Divide 4a45-6_|_i2a36-5 -|-9a26-* — 6-2^2a-a 
— a-* 62 by 2a2 6-3 + 3a6-2«.6-i-f-a-2ft. 

^ws. 2 a2 6-3 _|. 3 a 6-2 ^ j-i _ a-26. 

36. In the course of algebraic investigations, it is 
often convenient to separate a quantity into its fac- 
tors. Tlii& is done, when one of the factors is 
known, by dividing by the known factor, and the 
quotient is the other factor. 

And when a letter occurs as a factor of all the terms 
of a quantity, it is a factor, of the quantity, and may 
be taken out as a factor, with an exponent equal to 
the lowest exponent which it has in any term, and 
indeed by means of negative exponents any mono- 
mial may be taken out as a factor of a quantity. . 

EXAMPLES. 

1. Take out 2aH as a factor of 15a« 52 -|.6a3 6 4- 
9 a2 52 _|. 3 ^25. Ans. 3a26(5a36 + 2a + 36 + l). 

2. Take out a« as a factor of 3 a"«+i -{- 2 rt« . 

Ans. a»»(3a4-2). 

3. Take out 2 a^b^c as a factor of 6a^b'f c^^+eab^c 
— 2a6 + 2 — a2c. - 

-Alts. 2a3 66c (3 a^ b^c + 3 o-^ fts _ ^2 6-4 ^-i -^ 
a-36-5c-i_2_i^i6-5, 

4. Take out 6 as a factor of a«- 1 6 — ft". 

Ans. 6(c««-i — 6~-i). 
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Difference of two Powers divisible by Difierence of their Roots. 

37. Theorem. The difference of two integral posi- 
tive powers of the same degree is divisible by the 
difference of their roots. 

Thus, a" — 6» is divisible by a — 6. 

Demonstration. Divide o" — 6" by a — 6, as in art^ 34, 
proceeding only to the first remainder, as follows. 



an — 6» 
a" — «»-i6 



a — b 



a»-i 



1st Remainder = a*— ^6 — fc»; 
or as in example 4, of art. 36. 

1st Remainder = O^-^b — 6» = 6(a»-i — 6~-i). 

Now, if the factor a"— ^ — 6»— i of this remainder is di- 
visible by a — b, the remainder itself is divisible by a — 6, 
and therefore a*— 6" is also divisible by a — 6 ; that is, if the 
proposition is true for any power as the (n — l)st, it also 
holds for the nth, or the next greater. 

But from examples, 10, 11, 12, 13 of art. 34, the proposi- 
tion holds for the 2d, 3d, 4th, and 5th ; and therefore it must 
be true for the 6tb, 7tb, 8th, &c. powers ; that is, for any 
positive integral power. 

38. There are sometimes two or more terms in the 
divisor, or in the dividend, or in both, which contain 
the same highest power of the letter according to 
which tlie terms are arranged. 

In this^ case, these terms areAo be united in one by 
taking out their common factor ; and the compound 
terms thus formed are to be used as simple ones. It 
is more convenient to arrange the terms which contain 
the same power of the letter in a column under each 
other, the vertical bar being used as in art. 17 j and 
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io arrange the terms in the vertical columns according 
to the powers of some letter conwton to them. 



EXAMPLES. 



1. Divide a^x^—h^x^ — 4a6i2 _2a2z-|-2a6lr + 
a^ — 62 by ax — hx — a — 6. 



Solution, 



a2 

— 62 



x3 — 4a6a;2 — 2a^ 
+ 2a6 



— 62 



a 

—b 



X — a 
— b 




3d Rem. 0. 

Ans. (a + 6)x2-^(a_6)2 — (a — 6). 

2. Divide(66 — 10)a* — (762— 236 + 20)a8 — (363 
— 2262+316— 5) a2 + (463—962 +56—5) a + 62 
—26 bj (36 — 5)a + 62— 26. 

Ans. 2a3_(36_4)a2 + (46 — l)a + l. 
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3. Di?ide —a^ — {b2—2c^)a^*\^{b^—e^)a2 + {b^ + 
254c2*j_62c*) by a^—'b2 — c^. 

Ans. — a*— (262_c2)o2_64_52c2. 



4. Divide !/^\x^—Sy^ 
—y I -35^3 
+3y2 
+3y 



x* — y» 


2:8+3y6 


+ 10y* 

+ 3y' 


— Syis 


— 9y* 


'-lOy" 


--3y3 


-2y 


+6y2 



X2 



by y 



x2 — 3y|j; — y" 
— 3 +3y 
+ 2 



a:3_3y3 
+ 3y2 
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Termi of a fraction may* be multiplied or divided by the same quantity. 

CHAPTER II. 

Fractions and Proportions, . 



SECTION I. 
Reduction of Fractions. 

39. When a quotient is expressed by placing the 
dividend ovet the divisor with a line between them, 
it is QdWedi B. fraction ; its dividend is called the nu- 
merator of the fraction, and its divisor the denominator 
of the fraction ; and the numerator and denominator 
of a fraction are called the terms of the fraction. 

When a quotient is expressed by the sign ( : ) it is 
called a ratio ; its dividend is called the antecedent of 
the ratio, and its divisor the consequent of the ratio ; 
and the antecedent and consequent of a ratio are 
called the terms of the ratio. 

40. Theorem, The value of a fraction^ or of a ratio ^ 
is not changed by multiplying or dividing both its 
terms by the same quantity. 

Demonstration. For dividing both these' terms bj a quan- 
tity is the same as striking out a factor common to the two 
terms of a quotient, which, as is evident from art. 30, does 
not affect the value of the quotient. Also multiplying both 
terms by a quantity is only the reverse of the preceding 
proce^ and cannot therefore change the value of the frac- 
tion or ratio. 

3 
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Greatest Common Divisor. . 

41. The terms of a fraction can often be simplified 
by dividing them by a common factor or divisor. 
But when they have no common divisor, the fraction 
is said to be in its lowest terms, 

A fraction is, consequently, reduced to its lowest 
terms, by dividing its terms by their greatest common 
factor or divisor. 

42. The greatest com/mon divisor of two m>onomials 
is equal to fhe product of the greatest common divi" 
sor of their coefficients by that of their literal factors, 
which kbst is readily found by inspection, 

EXAMPLES. 

1. Find the greatest common divisor of 75 a' 6® erf ^^x^ 
and 50 a^ c^ rf" x». Ans, 25 a' c rf^i x*. 

121 ab^ c^ d^ x^ v^ 

2. Reduce the fraction ^^ ; ^, , ^, f to its lowest 

terms. lldx^y^ 

"*"**• 12 a^ 43 c- 

17 a' 6 

3. Reduce the fraction ■^- — rr to its lowest terms. 

51 a o^ 

Ans, 



36* 



43. Lemma, The greatest common divisor of two 
quantities is the same with the greatest common di- 
visor of the least of them, and of their remainder 
after division. 

Demonstration, Let the greatest of the two quantities be 
A, and the least B ; let the entire part of their quoti^it after 
division be Q, and the remainder R ; and let the greatest 
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Greatest Gammon Divisor. 

common divisor of il and jB be JD, and that of B and R be 
E, We are to prove that 

Dz=:E. , 

Now since R is the remainder of the division of ii by B, 
we have 

R = A — B.Q; 

and, consequently, D, which is a divisor of il and JB, most 
divide R ; that is, Z> is a common divisor of B and R, and 
cannot therefore be greater than their greatest common di- 
visor jE. 

Again, we have 

A = R + B.Q, 

and, consequently, E, which is a divisor of B and R, must 
divide A ; that is, E ia a, common divisor of il and B, and 
cannot therefore b^ greater than their greatest common di- 
visor D» 

D and Ey then, are two quantities such that neither is 
greater than the other ; and must therefore be equal. 

44. Problem, To find the greatest common divisor 
of any two quantities. 

Solution, Divide the greater quantity by the less^ 
and the remainder, which is less than either of the 
given quantities, is, by the preceding article, divisible 
by the greatest common divisor. 

In the -same way, from this remainder and the 
divisor a still smaller remainder can be found, which 
is divisible by the greatest common divisor ; and, by 
continuing this process with each remainder and its 
corresponding divisor, quantities smaller and smaller 
are found, which are alt divisible by the greatest 
common divisor, until at length the com/mon divisor 
itself must be attained. 
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The greatest common divisor ^ when attained, is at 
once recognised from the fact, that the preceding di-^ 
visor is exactly divisible by it mthout any, remainder. 

The quantity thus obtained, must be the greatest common 
divisor required ; for, from the preceding article, the greatest 
common divisor of each remainder and its divisor is the 
same with that of the divisor and its dividend, that is, of the 
preceding remainder and its divisor ; hence, it is the same 
with that of any divisor and its dividend, or with that of the 
given quantities. 

45. Corollary, When the remainders decrease to 
unity, the given quantities have no common divisor, 
and are said to be incommensurable or prime to each 
other. 

EXAMPLES. ' 



1. Find the greatest common divisor of 1825 and 1995. 
Solution, 



1995 
1825 



1825 



1 











] 


1825 


170, 1st Rem 




1700 


10 




170 


125, 2d Rem. 




125 


1 




125 


45, 3d Rem. 




90 


2 




45 


35, 4th Rem. 




35 


1 




35 


10, 5th Rem. 




30 


3 


10 


5, 6th Rem. 


10 


2 




" 


A 


rts. 


5. 
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Greatest Cominon Diviwir. 

2. Find the greatest common divisor of 13212 and 1851. 

Ans. 3. 

3. Find the greatest common divisor of 1221 and 333. 

Ans. 111. 

46. The above rule I'equires some modification in 
its application to polynomials. 

Thus it frequently happens in the successive divisions, 
that the term of the dividend, from which the term of the 
quotient is to be obtained, is not divisible by the correspond* 
ing term of the divisor. This, sometimes, arises from a 
monomial factor of the divisor which is prime to the divi- 
dend, and which may be suppressed. 

For, since the greatest common divisor of two quantities ia 
only the product of their common factors, it is not affected 
by any factor of the one quantity *which is prime to the other. 

Hence any monomial factor of either dividend or its 
divisor is to be suppressed which is prime to the other 
of these two quantities ^ and when there is such a factor 
it is readily obtained by inspection^ 

But if, after this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is 
still not divisible by the first term of the divisor similarly 
arranged; it follows from the preceding reasoning that it 
can lead to no error to 

Multiply the dividend by some monomial factor 
which will render its first term divisible by the frst 
term of the divisor ^ and which is prime to the re- 
duced divisor. Such a factor can always be obtained 
by simple inspection. 

When the given quaTiUittes have any common mono^ 
3* 
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Greatest Common Divisor. 

mial factor it is easily obtained from inspections and 
it should J)e suppressed at frst, and afterwar.d multi- 
plied by the greatest common divisor of the remaining 
polynomials. 

Since any quantity which is divisible by A is also di- 
visible by — A; and any quantity which is divisible by — A 
is also divisible by ^. 

*^ll the signs of any divisor may be reversed at 
pleasure. 

EXAMPLES. 

1. Find the greatest coipmon divisor of 21 a^ bx"^ — 
21a*6x6_i68a7 6x3 and Ua^b^cx^ — Ua^b^cx^ + 
28a*63c2;2_42a5 63c2;— 140a6 63c. 

Solution. Since 7a^b is a monomial factor of the two 
given quantities, suppress it, and they become 
3a5c7— 3a2a:6— 24a5 2;3, 
2b^cx'i-^2ab^cx^'\-ia^b^cx^—6cfil^cx—20a:*b^c, 

The first of the quantities thus reduced has the factor 

3ax3, which is prime to the second quantity, and the second 

quantity has th^ factor 2 6^^, which is prime to the first. 

By the suppression of these factors the given quantities be- 

^coniie 

z* — ax^ — 8 a*. 

a;4 — ax3 4-2a2 22 — 3 a^ x — IQa*. 

Divide the second of these quantities by the first aa fol- 
lows. 



a;4_ax3 4.2a2a;2^3a3a; — 10a* 
2* — ax^ — 8a* 



X* — ax^— 8a* 



1 



IstRqm, 2a2x«— 3a3a:— 2a*, 
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This remainder, by the suppression of its factor a^, be- 
comes 

2x2 — 3ax — 2a2^ 

which is to be used as the new divisor, and the former divi- 
sor as the dividend. 

But as the first term of this new dividend is not divisible 
by the first term of its divisor, the dividend is to be multiplied 
by 3, and then divided by the divisor as follows. 

X* — az^ — 8a* 

2^ 

2x*— 2a2;3 — 16a* \2x^—3ax—^a^ 



2x^—Sax^ —2a^x^ \x^, ax, 1 a^ 

ax3-|-2a2x3 — 16a*, which is to be multiplied by 2 to 
2 render its first term divisible by 
^^ that of the divisor, 

2ax3+4a2x2_32a* 
2ax3— 3a222— 2a3x 



7a2z2-^2a8x — 32a*, which is to be multiplied by 2 
2 to render its first term divisible 

by that of the divisor. 

14a2a;2-|-4a3x— 64 a* 
14a2x2— 2la3x— 14a* 



25a3x — 50 a*, 2d Rem. 

This remainder, by the suppression of its factor 25 a^ be- 
comes 

X — 2 a, 

by which the preceding divisor is to be divided as follows ; 
2x2— 3ax — 2a2|x — 2a 



2x2 — 4ax [2x + « 

ax~2a2 
ax — 2a2 

o; 
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Greatest Common Divisor. 

whence 7 a^ b (x — 2 a) is the required common divisor. 

Ans, 7a^b{x — 2a). 

2. Find the greatest common divisor of z^ — a^ and 
X* — a^. Ans. x — a. 

3. Find the greatest common divisor of 5 a^ — 10 a^ 6 -f- 
1563 and 3a3 + 6«26 + 6a62+363. Ans. a + b. 

4. Find the greatest common divisor of x^ -|- z^ -|- x^ 
+ x — 4 and a;* +2 1« + 3x2+4 x — 10. Ans. x— 1. 

5. Find the greatest common divisor of 7 ax* + 21 a z^ 
+ 14ax and 3x6 +3x6 +3x* —3x2. ^^s. x^+x. 

6. Find the greatest common divisor of 6 a^ x^ +^l ^^^ x' 
— 27a» and 4x* +5<|2 x2+21a3a;. Ans. 2x+3a. 

47. When there are several terms in the given 
polynomials, which contain* the same power of the 
letter according to which the terms are arranged^ 
these terms are to he united in one, as in art. 38, and 
the compound terms thu^ formed are to be treated as 
monomials^ 

EXAMPLES. 

1. Find t}ie greatest common divisor of 



— 9x| 



y5_ 2«* 

+ 2x3 
+ 18x2 
— 18x 
and 

a;2 |y4 _3a:3 
+ 3a;| —7x2 
+ 6x 

Solution. The factor (x2 + 3 x) ^ is a common factor of 
all the terms, and is therefore to be suf^ressed, in order to be 



y4_ 3a;4 [y3^ 2aj4 

+ 27x2 I —18x2 



y3 4x3 I y2^ 4x3 

— 12x2 I +12x2 
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multiplied by the greatest' common divisor of the remaining 
polynomials. The polynomials thus become 



K I «4 — 2x2 

— 3 +Sx 

— 6 



+ 92; I —6z 



and 



+ 2 



3 2; I y2 — 4x1/ -{- ix. 



The suppression of the factor (x — 3) y in the first of 
these polynomials reduces it to - 

y3^2* |y2 — 3a;y + 2z, 
. +2 I 
by which the second is to be divided as follows : 



y3— 3a; 
+ 2 

jf^ — Zx 

+ 2 



f2 4a;y-|-42; 



y^—2x 



y2 — Sxy-{'2z 



1st Rem. — 2;y2 — xy-f-2x 
The suppression of — x in this remainder reduces it to 

by which the preceding divisor is to be divided as follows : 



— 22; I y2_2x I y + 2x 
+1 I +2 1 



y2+y_2 



y — 2a; 
+ 1 



— 22; 

+ 1 



y» — 2z 



2d Rem. 



— X 

+1 



^312 
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The suppression of — x -f- 1 ia this remaiader reduces 
it to 

y + % 

by which the preceding divisor is to be divided as follows : 



y^ + ^y 


-2 


— y — 
—y — 


2 
■2 



y+1 



and therefore the greatest common divisor is the product of 
(x2+3x)y byy+2. Ans. (x^ +3x) (y^ +2y). 

2. Find the greatest copmon divisor of the polynomials 
a2^&2_j.c2+2a6 + 2ac + 26c and a^ — h^ —c^ — 
26c. Ans. a'\-h^c, 

3. Find the greatest common divisor of the polynomials 

a*— 262la2 + 64 and a3 + 36a2 + 362 a+63 

— 2c2 — 262c2 — c2 —hc^. 

Ans, a2 + 2a^4-62 — c2. 

4. Find the greatest common divisor of the polynomials 

x\y^ — 3x|y*— x2 y3 + ^^|y^ — ^"|y 
_l| +3 I +3x '—X I +x2| 
—2^ 
and 

a;2|y4 3x2|y3^ x^ y2 — x^ \y 

— l\ +3 I +2a:2 ^x I 
— X 
-2 

-A»5. y(y — 1)(«— 1). 

48. Problem. To reduce fractions to a common 
denominator. ' • 

Solution, Multiply both terms of each fraction by 
the product of all the other denominators. 
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Common Denomioator. 

For the value of each fraction is, from art 40, not changed 
by this process ; and as each of the denominators thus ob* 
tained is the product of all the denominators, the fractions 
are all reduced to the same denominator. 

49. 'But fractions can be reduced to a common denomi- 
nator which is smaller than their continued product, when- 
ever their denominators have a common multiple less than 
this product. For, by art. 40, 

Fractions may be reduced to a common denomina' 
tor J which is a com>mon multiple of their denominators^ 
by multiplying both their terms by the quotients re* 
spectively obtained from the division of the common 
denominator by their denominators. 

60. Corollary. An entire quantity may, by the pre- 
ceding article, be reduced to an equivalent fractional 
expression having any required denominator, by re- 
garding it as a fraction, the denominator of which is 
unity. 



EXAMPLES. 

3 2 5 

1. Reduce ^^ 5, ^, to the common denominator 24. 

o o o 

9 16 20 
'*'*'• 24' 24' 24* 

^-, a^b Se . 3a^. . 

2. Reduce —--r, 7--—, 8 a, -^ — ^ to the common deno- 

minator 4c^d. 

4a^b 6ed dSlac^d 3ac 
• 4c2rf' 4^' Ac^d ' 4ca<r 
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Common Denominator. 

3. ^Reduce — —-, i, — ; — t, „ to the common 

a — b * a+ 6 a* — b^ 

denominator a^ — b^. 

a2^2ab + b^ gg —b^ a — b c + d 

^"*- a2_62 ' a^ — b^' a^—b^' a^^^^* 

61. Problem, To find the least common multiple of 
given quantities. 

Solution. When the given quantities are decom^ 
posed into their simplest factors^ as is the case vnth 
m,onomials, their least common multiple is readily 
obtained ; for it is obviously equal to the product of 
all the unlike factors^ each factor being raised to a 
power equal to the highest power which it has in 
either of the given quantities. 

But the common factors . can always be obtained 
from the process of finding the greatest common 
divisor. 

EXAMPLES. 

1. Find the least common multiple of 2a^b^cXy 3a^ 
6 c3 2)2, 6 a c x = 2 . 3 a c a;, 9 c^ a;io = 3^ c^ x^V^^ a^ = 
23.3a8. 

Ans. 23 . 32 . a8 b^ c^ x^o = 72 a^ 62 ^7 ajio. 

2. Find the least common multiple of 16 ax, 40 6* x, 
25 o7 63 x2. Ans, 400 a^ b^ x^, 

3. Find the least common multiple of x^ x«— 1, x*— *, 
x*""^, X. ^ns. x». 

4. Find the least common multiple of 6 (a + 6) x« , 
54 (a— 6)3, {a+b)\ 81(a— 6)3x«+^ 8(^ + 6)5 x«-«. 

Ans. 648 (a + 6)7 (a _ 6)3 x«+2. 
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5. Find the least common multiple oi a^ '\'2ab'-\'b^f 
a2^4.ab + 4tb^, a^ — b^, a^ +Sab+2b^, a^ + a^b 
_ a 62 — 63. Ans. (a + 6)2 (a — 6) (a + 2 6)2. 



SECTION II. 

Addition and Subtraction of Fractions. 

62. Problem. To find the sum or diference of 

given fractions. 

t 

Solution. When the given fractions have the same 
denominator, their sum or difference is a fraction 
which has for its denominator the given common 
denominator, and for its numerator the sum or the 
difference of the given numerators. 

When the given fractions have different denomi- 
nators, they are to be reduced to a common denomina- 
tor by arts. 48 and 49. 

EXAMPLES. 

a c £ 

1. Find the sum of -, ^ and — -r, 

Ans. -'Jf+^cf-ide 
oaf 

2. Subtract ^ from % Ans. ilZL^i. 

o a h d 

3. Find the sum of ^^-i-- and ^-^. Ans. a. 

4. Subtract ?^ from ?^ Ans. b. 
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Sum and Difference of Fractions. 



5.' Redace to one fraction the expression t + c. 



Ans. — 4 — • 



6. Reduce to one fraction ^r-^ 4- rr-r^ — ^ /^ . 

, . 16a6c + 15cdr/— 46«^ 
"*"'• "" 246^^^ • 



7. Reduce to one fraction ~ 1- . 



ax^ — 6x + l 



x3 



8. Reduce to one fraction •— ^ U 






flg+gg 



a2— z2* 
9. Reduce to one fractioti 

3 3 1 _ 1 — X 

4(1 — 2)2 + 8(1— X) """SCl + x) 4(l+x2)* 

l + 2-fx2 



Ans. 



1 X — x*+*^ 

10. Reduce to one fraction 

Sh 2A + X _ 5 

(A_2x)2 + (A+x)(A— 2i) A + x 

20Ax — 22x2 
^'*^* (A + x)(A— 2x)2- 

11. Reduce to one fraction 

a^ a 6 6 

(a + 6)3 ~ (a + 6)"2 +11 + 6* 

a3 + a62 + 6 3 
^'»*- (a + 6)3 

63. Corollary. It follows, from examples 3 and 4, 
that the sum of half the sum and half the difference 
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Product and Quotient of Fractions. 

of two quantities is equal to the greater of the two 
quantities ; and that the difference of half their sum 
and half their difference is equal to the ^tnaller of 
them. 



SECTION III. 
Multiplication and Division of Fractions. 

54. Frojblem, To find the continued product of sev- 
eral fractions. 

Solution, The continue product of given fractions 
is a fraction the numerator of which is the contiriued 
product of the given numerators^ and the denominator 
of which is the continued product of the given denomi- 
nators. 

55. Problem. To divide by a fraction. 

Solution. Multiply by the divisor inverted. 

The preceding rules for the addition, subtraction, multi- 
plication, and division of fractions require no other demon- * 
sti'ations than those usually given in arithmetic. 

56. When the quantities multiplied or divided con* 
tain fractional terms, it is generally advisable to re- 
duce them to a single fraction by means of art. 62. 

EXAMPLES. 

1. Multiply together ^, -, and -^ Ans. j-ry 

^- Multiply] ;=-^— by -— — . Ans. 



Id^t^ ' 2 66c" 7d«^eio 



40 ALGEBBA. [cH« II. ^ III. 
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3. Multiply ^ by -. Ans. 1. 

4. Multiply a -| by x 



a-\-x 

a^x2 
Ans, 



a2 _ x^ 



5. Divide I by ^. Ans. ^. 

o a be 

6. Divide 1 by ^. Ans. -. 

o a 

7. Divide -TT-— by ^— . il«s. . 

8. Divide a;2 j by x. 



iln5< 



a + sc' 

67. The reciprocal of a quantity is the quotient ob- 
tained from the division of unity by the quantity. 

Thus, the reciprocal of a is - or a— ^ that of a* is — 

a a" 

or flH", that of a-» is a*, and that of t is 1 -f-r or -. 

o a 

Hence the product of a quantity by its reciprocal is unity ; 
the reciprocal of a fraction is the' fraction inverted ; and the 
reciprocal of the power of a quantity is the same power with 
its sign reversed. 

- 68. Corollary. To divide by a quantity is the same 
as to multiply by its reciprocal ; and, conversely, to 
multiply by a quantity is the same as to divide by its 
reciprocal. 
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Powers changed from one Term lo the other of a Fraction. 

Now a fraction is multiplied either by multiplyingi its nu- 
merator or l)y dividing its denominator ; and it is divided 
either by dividing its numerator or by multiplying its de* 
nominator. Hence, 

It has the same effect to multiply one of the terms 
of a fraction by a quantity, which it has to multiply 
the other term by the reciprocal of the quantity. 

69. Corollary. If either term of a fraction is mul- 
tiplied by the power of a quanity, this factor may 
be suppressed, and introduced as a factor into the 
other term with the sign of the power reversed. 

By this means, a fraction can be freed from nega- 
tive exponents. 

EXAMPLES. 

1. Free the fraction , ^ — from negative exponents. 

Ans. —r—* 

2. Free the fraction — ^ ^ — from negative exponents. 

Ans, 



b^c^d 



3. r ree the fraction —. — - — ^ , q .^, "Om negative ex- 

b^d^e 
ponents. Ans. ^^-3^. 

4. Free the fraction — ^. _^ from negative expo- 

• ^ a;8+323 

nents. Ans. ^ ; ■ — , 

a;* + 1 
4* 
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Prodact of Mearfs equals that of Extremes. 
5. Free the fraction -— { ^ -7, from negative ex- 

Z2«2 4.y2^.x« 

ponents. Ans. ^\T o -5- 

60. The preceding rules for fractions may all be 
applied io ratios by substituting the term antecedent 
for numerator J and consequent for denominator. 



SECTION IV. 
Proportions. 

61. A ^proportion is the equation formed of two 
equal ratios. 

Thus, if the two ratios A : B and C : D are equal, the 
equation 

A:B = C:D 

is a proportion ; and it may also be written 

A — £. 

B ~ D 

The first and last terms of a proportion are called 
its extremes ; and the second and third its means. 

Thus, A and D are the extremes of this proportion, and 
B and C its means 

62. If the ratios of the preceding proportion are reduced 
to a common consequent, in the same way in which fractions 
are, by art. 48, reduced to a common denominator, we have 

AXB;BXD — BXC:BXD; 
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Product of Means equali that of £ztreme0. 

that is, A X D ind B X C have the same r&tio to B X D, 
and are consequently equal, that is, 

AX D = B X C, 

or, the prodvct of the means of a proportion is equal 
to the product of its extremes. 

This proposition is called the test of proportions, 
that is, if four quantities are such that the product of 
the first and last of them is equal to the product of 
the second and thirds these four quantities form a 
proportion. 

Demonstration. Let Ay B, C, D be four quantities such 
that 

AX D :=:BXC. 

We ha?e, by dividing B X B, 

AxB:BXBz=BXC:BXB, 

or, by reducing these ratios to lower terms, as in art 40, 

A:B = C:D; 
that is, A, B, C, D form a proportion. 

63. Corollary. If A, J5, C, D form a proportion, we ob- 
tain from the preceding test 

A.C=B:D 
B:A=zD:C 
B:D=zC:A 
D : C = J5 : -4, &c. ; 

that is, the terms of a proportion m>ay be transposed 
in any way which is consistent with the application of 
the test. 
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To find the Fourth Term of a Proportion. 

64. Problem. Oiven three terms of a proportion^ to 
find the fourth. 

Solution. The following solution is immediately obtained 
from the test. 

When the required term is an extreme, divide the 
product of the means by the given extreme^ and the 
quotient is the required extreme. 

When the required term is a m£an, divide the pro- 
duct of the extremes by the given mean, and the. 
quotient is the required mean. 



EXAMPLES. - 

1. Given the three first terms of a proportion respectively 

BC 

A, B, C; find the fourth. Ans. —j-. 

A 

2. Given the three first terms of a proportion respectively 
2 a 62, 3a2 6, 663; find the fourth. Ans. 9 a 62. 

3. Given the three first terms of a proportion respectively 
tf», o^, dP\ find the fourth. Ans. a^+i*— «. 

4. Given the first term of a proportion a^ 6^, the second 
3a8 63, the fourth 7a6; find the third. Ans, iiJc-\ 

5. Given the first term of a proportion 6tf"— ^6, the third 
1503 6*^, the fourth 40a~('»~i); find the second. 

Ans. 16 0-45-4. 

6. Given the three last terms of a proportion respectively 
a2_62, 2(a + 6), 02+206 + 62; find the first. 

Ans. 2(0 — 6.) 

65. When both the means of a proportion are the 
same quantity, this common mean is called the mean 
proportional between the extremes* 
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Mean Proportional. Continued Proportion.. 
Thus, when 

J3 is a mean proportional between A and C. 

i 

66. If the test is applied to the preceding proportion it 
gives B^ =: A X C; 



whence B = \^A X C; 

that is, the mean proportional between two quantities 
is the square root of their product 

67. A succession of several equal ratios is called a 
continued proportion. 

Thus, 

^:jB = C:1> = J5::F,&c. • 

is a continued proportion. 

68. Theorem. The sum of a7iy number of ante- 
cedents in a continued proportion is to the sum, of the 
corresponding consequents, as one antecedent is to its 
consequent. 

Demonstration. Denote the value of each of the ratios in 
the continued proportion of the preceding article by My and 
we have 

Jjr= ^ : 5 == C : D == ^ : F, &c. ; 
whence 

A = BX M 
C^DXM 
E = FX M,&.c.; 

and the sum of these equations is 
i4 + C+^ + &c. = (J5 + Z) + F + &c.) X M; 
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Ratio of Sum of Antecedents to Sum of (Consequents. 

whence 

'A + C+E + &.C. ^^ A C E ^ 

' ' ' ■ = Jf = — ^^ = — = — , &c. 

B + D + F+6LC. B D F' 

69. Corollary. Either antecedent may be repeated 
any number of times in the above sum^ provided its 
consequent is also repeated the same 7iumber of times. 

70. Corollary. Either antecedent may be subtracted 
instead of being added, provided its consequent is also 
subtracted. 

71. Corollary, The application of these results to the pro- 
portion 

A:B = C:D, 

gives A + C:B + D=zA:B=:C:D 
A — C:B — D = A:B=:C:D 

mA'{'nC:mB + nD =zA:B=:C:D 
mA^nC:mB — nD=zA :B= C: D; 
whence A + C:B + D=iA — G:B — D 

mA + nC:mB + nD=:mA — nC:mB — nD; 
or, transposing the means, as in art. 63, 

A + CA — C^B'^'D.B — D 

mA + nC:mA — nC=mB + nD:mB — nD; 

that is, the sum of the antecedents of a proportion is 
to the sum of the consequents, as the difference of the 
antecedents is to the difference of the consequents, or 
as either antecedent is to its consequent. 

Likewise, the sum of the antecedents is to their 
difference, as the sum of the consequents is to their 
difference. 
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Moreover, in finding' these sums and differences^ 
each antecedent may be multiplied by any number, 
provided its consequent is multiplied by the same 
number. 

72. Corollary, These rules may also be applied to the 
proportion A : C = B : D 

obtained fronr A : B = C : D by transposing its 

means, and give 

A + B: C+D = A--B:C—D 
= mA + nB;mC+nD=zmA — nB:mC—nD 
= A : C=B: D; 
and A + B:A — B = C+D:C—D 

m A-^-nB :mA — nB = iii(7+nl> : mCr—nD; 

that is, the sum of the first two terms of a proportion 
is to the sum of the last two, as the difference of the 
first two terms is to the difference of the last two, or as 
the first term is to the third, or as the second is to the 
fourth. 

Likewise, the sum of the first two terms is to their 
difference, as the sum of the last two is to their dif- 
ference. 

Moreover, in finding these sums and differences, 
both the antecedents may be multiplied by the same 
number, and both Jhe consequents may be multiplied 
by any number. 

73. Two proportions, as 

A:B = C.D 
and 

E:F= G:H, 
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may evidently be multiplied together, tet^m by term, 
and the result' 

AxE:BxF=Cx G: D X H 

is a new proportion. 

74. Likewise, all the terms of a proportion may be 
raised to the same power. 

Thus, A.B^C.D 

gives A^ \B^ =: C2 : D^ 

\/A : f^B = fs/C : a/D 
A^ : B^ = C*» : D"* 

mm mm 

f^A ; ^B = s/C : ^/D 
-4-« : -B-"» = C-« : !>-«. 

75. Theorem. The reciprocals of two quantities are 
. in the inverse ratio of the quantities themselves. 

Thus. 4:B = i:i 

Demonstration. For -4, 5, — , and — are four quantities 

such that the product of the first A and the last — is the 

same with that of the second B and the third — ; each pro- 
duct being equal to unity. 



OH. HI. ^1.] PUTTING anB9TiONS INTO E^^UATIONS. 49 

Letters us^d for unknown Quantities. 

CHAPTER III. 

Equations of the First Degree. 



SECTION I. 
Putting Problems into Equations. 

76. The first step in the algebraic solution of a 
problem is the expressing of its conditions in alge- 
braic language ; this is called putting the problem into 
equations. 

77. No rule can be given for putting questions into 
equations, which is universally applicable. The fol- 
lowing rule can, however, be used in most cases, and 
problems, in which it will not succeed, must be con- 
sidered as exercises for the ingenuity. 

Represent the required quantities by letters of the 
alphabet. ' Perform or indicate upon these letters the 
same operations which it is necessary to perform^ upon 
their values^ when obtained, in order to verify them. 

It is usual to represent the 'unknown quantities by 
the last letters of the alphabet, as r, w, x, y, z. 

EXAMPLES. 

The following problems are to be put into equations. 

1. A person had a certain sum of money before him. 
From this he first took away the third part, and put in its 
5 
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Examples of putting Questions into Equations. 

Stead 950; 9. short time after, from the sum tlius increased 
he took away the fourth part, and put again in its stead 9 70. 
He then counted his money, and found $ 120. What was 
the original sum ? 

Method of putting into equations. Let 

X == the original sum expressed in dollars. 
After taking away the third part and putting in its stead 
$ 50, there remains two thirds of the original sum increased 
by $50, or ^ 

fx + 50. 

If from this sum is taken a fourth part, there remains 
three fourths ; to which is to be added $ 70, giving 

i(f ic + 50) + 70 = ^3; +107^; 

which is found to be equal to $ 120. We have, therefore, 
for the required equation, 

. ix+ 107J = 120. 

2. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year $ 1000 for his 
expenses. At the end of the third year, afler deducting the 
last $ 1000, he finds himself in possession of twice the sura 
he had at first. How much did he possess originally 1 

Ans. If a; = the original capital in dollars, the required 
equation is 

If x — 4111f :s=2a;. 

3. A courier^ who goes 31^ miles every 5 hours, is sent 
from a certain place; when he was gone 8 hours, another 
was sent after him at the rate of 22J miles eVery 3 hours* 
How soon will the second overtake the first ? 

Solution, If z =z the required number of hours, the num- 
ber of hours which the first courier is on the road is Jc + 8 ; 
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and the distance which he goes is obtained from the propor- 
tion 

5 : £ -|- ^ = ^^i • distance gone by 1st courier ; 
whence, by art. 64, 

distance gone by 1st courier =r ^J (a; -[- 8). 

The distance gone by the second courier is obtained from 
the proportion 

3:2; = 22^ : distance gone by 2d courier ; 
whence 

distance gone by 2d courier = ^ x. 

But as both couriers go the same distance, the required 
equation is 

M (»= + 8> = ¥ *• 

4. A courier went from this place, n days ago, at the rate 
of a miles a day. Another has just started, in pursuit of him, 
at the rate of 6 miles a day. In how many days will the 
second courier overtake the first? 

Ans. If x = the required number of days, the required 
equation is 

6 X = a (a; -f- «)• 

5. A regiment marches from the place A, on the road to 
Bf at the rate of 7 leagues every 2 days ; 8 days after, 
another regiment marches from B, on the road to A^ at the 
rate of SI leagues every 6 days. If the distance between 
A and B is 80 leagues, in how many days after the depar- 
ture of the first regiment will the two regiments meet ? 

Ans. U X =z the required number of days, the required 
equation is 

Jx+ V (a; — 8) = 80. 
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6. A hostile corps has set out two days ago from a certain 
place, and goes 27 miles daily. Another corps wishes to 
march in pursuit of it from the same^Iace, and so quickly 
that it may reach the other in 6 days. How, many miles 
must it march daily to accomplish it? 

Ans, If x = the required number of miles, the required 
equation is 

6 X = 216. 

7. From two different sized orifices of a reservoir, the 
water runs with unequal velocities. We know that the orifi- 
ces are in size as 5 : 13, and the velocities of the fluid are 
as 8 : 7 ; we know farther, that in a certain time there issued 
from the one 561 cubic feet more than there did from the 
other. How much water, then, did each orifice discharge 
in this space of time? 

Solution, Let x = the quantity discharged by the first 
orifice. 

As the size of the second orifice is ^ths of that of the 
first, the water discharged from the second orifice, if it 
flowed at the same rate^ would be 

^^. 

But as the water flows from the second orifice with a 
velocity Jths of that which it should have to discharge ^ x 
in the given time, its actual discharge must be 

whence the required equation is 

^x — x = 561. 

8. A dog pursues a hare. When the dog started, the hare 
had made 50 paces before him. The hare takes 6 paces to 
the dog's 5 ; and 9 of the hare's paces are equal to 7 of the 



CH. III. <^ I.] PUTTING QUESTIONS INTO £<^UATIONS. 53 
Examples of puttiDg Questions into Equations. 

dog's. How many paces can the hare take before the dog 

catches her ? 

Ans, If, X = the required number of paces, the required 

equation is 

^x — X = 50. 

9. A work is to be printed, so that each page may contain 
a certain number of lines, and each line a certain number of 
letters. If we wished each page to contain 3 lines more, 
and each line 4 letters more, then there \vouId be 224 letters 
more on each page ; but if we wished lo have 2 lines J^sa in 
a page, and 3 letters less in each line, then each page would 
contain 145 letters less. How many lines are there in each 
page ? and how many letters in each line ? 

Solution. Let 

X = the number of lines in a page, 
y = the number of letters in a line, 
and we shall have 

a: y == the number of letters In a page. 
But if there were 3 lines more in a page, and 4 letters 
more in a line, the number of letters in a page would be 

(* + 3)(y + 4)=xy + 4x + 3y + 12, 
which exceeds the required number of letters in a page by 

4a; + 3y+12; 
whence we have for one of the required equations 

4^ + 3y + 12 = 224; 
and, in the same way, Sthe condition, that 2 lines less in a 
page and 3 letters less in a line make 145 letters less in a 
page, gives the equation 

X a— {x — 2) {y — 3) =z US. 
or 

3x + 3y — 6=145. 
6* 
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10. Three soldiers, in a battle, make $ 96 booty, which 
they wish to share equally. In order to do this, A, who 
made most, gives B and C as much as they already had; in 
the same manner, B next divided with A and C, and after 
this, C with A and B. If, then, by these means, the in- 
tended equal division is effected, how much booty did each 
soldier make ? 

Ans, If X = ^'s booty, 

y = B^s booty, 
z = C^s booty, 
the required equations are 

^^* x + y + z = 96 

4z — 4}^ — 4«== 6y — 2x — 2z 
4:X — 4y — 4tz=z7z — X — y. 

11. A certain number consists of three digits, of which 
the digit occupying the place of tens is half the sum of the 
other two. If this number be divided by the sum of its 
digits, the quotient is 48; but if 198 be subtracted from it, 
then we obtain for the remainder a number consisting of the 
same digits, but in an inverted order. What number is 
this^ 

Ans, If X = the digit which is in the place of units, 
y = that in the place of tens, 
z = that in the place of hundreds. 

The number is = lOOa: -f- lOy + x, 

and the required equations are 

y = J (x + z) 
100% + lOy + x ^ ^ 
a: + y + z ^ 

100 2 + 10 y + x — 198 = 100 2 + 10 y + z. 
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12. A person goes to a tavern with a certain snin of 
money in his pocket, where he spends 2 shillings ; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
again as much money as was lefl, he went to a third tavern, 
where likewise he spent 2 shillings, and borrowed as much 
as he had lefl ; and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first 1 

Ans. If X = the shillings he had at first, 
the required equation is 

8 « — 30 = 0. 

13. A person possessed a certain capita], which he placed 
out at a certain interest. Another person, who possessed 
$10 000 more than the first, and who put out his capital 
1 per cent, more advantageously than the first did, had an 
income greater by $800. A third person, who possessed 
$ 15 000 more than the first, and who put out his capital 2 
per cent, more advantageously than the first, had an income 
greater by $ 1500. Required the capitals of the three per- 
sonSji and the three ratei^ of interest. 

Ans, If X = the capital of the first, 

y = his rate of interest per cent, 
the required equations are 

10000y + x 4 10000 ^^ 

loo "= ^' 

15000y4-2x + 30 000 __ 

ioo ^ ^^' 

14. A person has three kinds of goods, which together 
cost $230^. The pound of each article costs as many 



56 ALGEBRA. [CH. III. <^ I. 

Examples of putting Questions into Equations. 

twenty-fourths of a dollar as there are pounds of that ar- 
ticle ; but he has one third more of the second kind than 
he has of the first, ^nd 3^ times as much of the third as he 
has of the second. How many pounds has he of each ar- 
ticle ? 

Arts. If X = the number of pounds of the 1st, 
the required equation is 

15. A person buys some pieces of cloth, at equal prices, 
for $60. Had he got 3 pieces more for the same sum, each 
piece would have cost him $ 1 less. How many pieces did 
he buy? 

Ans, If z = the number of pieces bought, 
the required equation is 
60 _ 60 
x "■ a;+3'^ • 

16. Two drapers A and B cut, each of them, a certain 
number of yards from a piece of cloth ; A however, 3 yards 
less than B, and jointly receive for them $35. "At my 
own price," said A to B, "I should have received $24 for 
your cloth." '*I must admit," answered the other, "that, at 
my low price, I should have received for your cloth no more 
than $ 12^." How many yards did each sell? 

Solution, Let x = the number of yards sold by A, 
then a; -f- 3 = the number sold by B, 

Now since A would have sold z -f" ^ y^^^ ^ *^> 
^'s price per yard = , ', 
and since B would have sold x yards for $ 12^, 
Bs price per yard = —^ = — . 
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Hence 

24 z 

the sum for which A sells .x yards = 



, X + 3' 

1 . , « » . « , 25(24-3) 
the sum for which B sells x -J- ^ yards = — ~— ^ — -\ 

and the required equation is 

17. Two travellers, il and 5, set out at the same time 
from two different places, C and Z> ; ^, from C to Z> ; and 
J3, from D to C When they met, it appeared that A had 
already gone 30 miles more than B ; and, according to the 
rate at which they are travelling, A calculates that he can 
reach the place D in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between Cand D\ 
Ans, If, when they meet, 

X = the distance gone by A, 
then, X — 30 = the distance gone by B ; 

the whole distance =z2x — 30; 
and the required equation is 

4x _ 9(x — 30) 
2 — 30"" X 

18. Some merchants jointly form a certain capital, in such 
a way that each contributes 10 times as many dollars as they 
are in number ; they trade with this capita], and gain as' 
many dollars per cent, as exceed their number by 8. Their 
profit amounts to $288. How many were there of them? 

Ans. If 2 = the number of merchants, the required 
equation is 

tV 2:^2 + 8) = 288. 



58 ' AL6EBBA. [CH. III. ^ II. 

Degree of an Equation. 

19. Part of the property of a merchant is invested at such 
a rate of compound interest, that it doubles in a number of 
years equal to twice the rate per cent. What is the rate of 
interest ? 

Ans, If a; = the rate per cent., the required equation is 

\~ioo"7 ~-^- 

SECTION II. 

Reduction and Classification of Equations. 

78. The portions of an equation, which are sepa- 
rated by the sign =, are called its members ; the one 
at the left of the sign being called its first member, 
and the other its second member. 

79. Equations are divided into classes according to 
the form in which the unknown quantities are con- 
tained in them. But before deciding to which class 
an equation belongs, it should be freed from fractions, 
from negative exponents, and from the radical signs 
which affect its unknown quantities; its members 
should, if possible, be reduced to a series of mono- 
mials, and the polynomials thus obtained should be 

• reduced to their simplest forms. 

80. When the equation is thus reduced, it is said to 
be of the same degree as the number of dimensions of 
the unknown quantities in that term which contains 
the greater number of dimensions of the unknown 
quantities. 



CH. III. '^ II.] REDUCTION Or EQUATIONS. 69 
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Thus, X and y being the unknown quantities, the equa- 
tions 

a X -f- ^ = c, 
10 X + y = 3, 

are of ihe first degree ; 

x2 _|. 3 a; ^ 1 = 5, 

xy=ll, 
are of the second degree, &c. 

81. But when an equation does not admit of being 
reduced to a series of monomials, or, when being so 
reduced, it contains terms in which the unknown 
quantities or their powers enter otherwise than as fac^ 
tors, it is said to be trancendental ; and the consider- 
ation of such equations belongs to the higher branches 
of mathematics. 

Thus, a^ = b 

(x + a)y+* = c, 

are trancendental equations. 

82. An equation is said to be solved, when the 
values of its unknown quantities are obtained ; and 
these values are called the roots of the equation. 

83. The reduction and solution of all equations 
depends upon the self-evident proposition, that 

Both members of an equation may be increased, 
diminished, m'ultiplied, or divided by the same quan- 
tity, without destroying the equality, 

84. Corollary. If all the terms of an equation have 
a common factor, this factor mxiy be suppressed. 
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To free an Equation from Fractioni. 

EXAMPLES. 

1. If the factor common to the terms of the equation 

is suppressed, what is the resulting equation ? 
Ans. a;3 +3a= 1. 

2. If the factor common to the terms of the equation 

is suppressed, what is the resulting equation ? 
Ans. a-^Sa^ X = I, 

85. Problem. To free an equation from fractions. 

Sohition. Reduce J by arts, 49 and 50, all the terms 
of the eqiLation to fractions having a comm>on denomi- 
nator^ and suppress the common denominator, prefix- 
ing to the numerators the signs of thjeir respective 
fractions. 

Demonstration. For suppressing the denominator of a 
fraction is the same as multiplying the fraction by its de- 
nominator; and, consequently, both the members of this 
equation are, by the preceding process, multiplied by the 
common denominator. , 

EXAMPLES. 

1. Free the equation 

a ^^c a — c 1 

bx^ dz bdx X 

from fractions. 

Solution. This equation, when its terms are reduced to a 
common denominator, is 

ad be a — c bdhx bd 

b dx* b dx bdx bdx bdx 



CH. III. ^ II.] KEOUCTIOH or X^UAriONS. 61 

To free an Equation from Fractions. 

Sappressing the common denominator, we have 
ad-^he-^ {a — c) = bdhx — bd, 

or 

ad'\' be -^ a-^- c =:bdhx — bd, 

2. Free the equUtion 

Sa — 5x . 2a — X a+f 
a — c d a — c 

from fractions. 
Ans. 3ad — 5^2+20* — ax — 2ac -{- ex =2 ad'{- 
df—ad^x-^cd^x. 

3. Free the equation 



z + 2 "" 3aj 

from fraction?. 

Ans. 24a:2 -^ igz? — 36z = 20a; + 40. 

4. Free the equation 

18 + z _ 20x + 9 _ 65 
6(3— a:) "^ 19 — 7x 4(3— x) 
from fractions. 

Ans. 684— 214 z— 14x2 =* 612 X — 324 — 240x2 
— 3705 +1365 X. 

5. Free the equation 

X +y X — y 1 1.1 



+ ; 



a;_y x + f/ x~y a; + y ' x2 — y2 
from fractions. 
Ans, 
x2+2xy+y2_2;2^2xy— y2==2_|.y_a;^y^l. 

6. Free the equation^ 

a^ flF + 6^ 

from fractions. 

Ans. a2' — tt* 6* =B a» i* + 62*. 

6 
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To free a Fraction from negative Exponents. 

^ 86. Corollary. If the given equation contains nega- 
tive exponents, it can be freed from them by arts. ,57 
and 69. 

EXAMPLES. 

1.* Free the equation 

— !— :=:X-^ 

X — ar-1 
from fractions and negative exponents. 

Ans. a;* + ^ = ** — ^' 
3. Free the equation 

x^ -{" ^^ a* -r «~* 

from fractions and negative exponents. 

ilns. x4« a3« — a3« = a**a^« — x2«. 

87. Theorem. A term may be transposed from one 
member of an equation to the other member yby merely 
reversing its sigtt ; that is, it maybe suppressed in 
one member and annexed to the other member with 
its sign reversed from + to — , or from — to +. 

Demonstration, For suppressing it in the member in which 
it at first occurs is the same as subtracting it from that mem- 
ber; and annexing it to the other member with its sign 
reversed is, by art 24, subtracting it from the other mem- 
ber ; and, therefore, by art. 83, the equality is preserved. 

88. Corollary. All the terms of an equation may be 
transposed to either member, leaving zero in the other 
member; and the polynomial thus formed may be 
reduced to its simplest form, by arts. 20 and 84. 
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EXAMPLES. 

1. Reduce the equation 

X — r "" x-f. 1 x^ — 1 

to its simplest form in a series of monomials. 

Solution, This equation, freed from fractions by art. 85, is 
7a;»+i + 72« = 6x^+^ — 5x«+i _ x« — 3xn _ C^x»+2^ 
which becomes, by the transposition of its terms and by the 
reduction of art. 20, 

12x*+i + lite* =^0, 
and, by striking out the factor x«, 

12x4-11 = 0. 

2. Reduce the equation 

x^ + 1 X — 1 __ x + 1 
x2 _ 1 (x-t-l)2 "" X — 1 

to its simplest form in a series of monomials. 

Ans. 2x2-1-1 = 0. 

3. Reduce the equation 

ax2 -|- 6x -j-i; ax^ — bx — c 
a:2 + 1 ~ x2 — 1 

to its simplest form. 

Ans, bx -\- c — a = 0. 

4. Reduce the equation 

fl=^ + a— * a* — cr-* j 

xJ»-(- x-« "" x« — x~ « I 

to its simplest form. 

iln5. a^* = xa«. 
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SECTION III. - 
Solution of Equations of the First Degree, with one unknown quantity.^ 

89. Theorem. Every equation of the first degree, 
with one unknown quantity , can be reduced to the 
form, 

in which A and B denote any known quantities, whether 
positive or negative, and x is the unknown quantity. 

Demonstration. When an equation of the first degree 
with' one unknown quantity is reduced, as in art. 88, its first 
member is composed of two classes of terms, one pf which 
contains the unknown quantity, and the other does not. 
If the unknown quantity, which we may suppose to be z, is 
taken out as a factor from the terms in which it is contained, 
and its multiplier represented by A, the aggregate .of the first 
class of terms is represented hy Ax^, and the aggregate of 
the terms of the second class may be represented by B ; 
whence the equation is represented by 

90. Problem, To solve an equation of the first de^ 
gree tvith one unknown quantity. 

Solution, Having reduced the given equation to the form 
Ax + B=:0, 
transpose JB to the second member by art. 87, and we have 

Axz=—B, 
Dividing both members of this equation by A, gives 

B 

Hence, to solve an equation of the first degree, reduce 
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it, as iji art. 88, transposing its knwbn terms to the 
second member, and all its unknown terms to the first 
member ; and the value of the unknown quantity is 
equal to the quotient arising from the division of the 
second member by the multiplier of the unknown 
quantity in the first member, • 

91. Corollary. When A and B are both positive or 
both negative, the valuo of x is, bv art. 30, negative ; 
but when A and B are unlike in tneir signs, one posi- 
tive and the other negative, x is positive. 

92. Corollary. When we have 

J5 = 0, 

the value of :r is 



X = r = 0» 

A, 

93. Corollary. When we hj^ve 

4 = 0, 
the value of x is 

B 

If. — — _BM _ 



But the smaller a divisor is, the oftener mast it be contain- 
ed in the dividend, that is, the larger mast the quotient be ; 
and when the divisor is zero, it must be contained an infi- 
nite number of times in the dividend, or the quotient must be 
infinite. Infinity is represented by the sign qd« We have, 
then, in this case, 

X = OD. 

The given equation is, however, in this case, 
X X + B = 0, 
6* 
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A I.. 1^ ■ .1 , ,1 ■ . I. n ., , „ .1 M 

which reduces itself to 

JB = 0, 
an pbvious absurdity, unless J? is zero. 

The sign oo is, therefore, rather to be regarded as 
»the expression of the peculiar species of absurdity 
which arises from diminishing the denominator of a 
fraction till it becomes zero., 

94. Corollary. When we have 

il = 0, and fi = 0, 
the value of x is 

which is equal to any quantity whatever, and is called 
an indeterminate expression. 

The given equation is, indeed, in this case 
X a: + = 0, 
an equation which is satisfied by any value whatever 
of Xy and is called an identical equation. 



EXAMPLES. 

1. Solve the equation 

8x — 5=13 — 7x. 

Ans. X = 1^ 

2. Solve the equation 

X Z X * ' X 

Ans. X = 116^. 
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3. Solve the equation 

ax-\~ c z=: bx -{- eL 

- d -^— c 

Ans, X = -. 

a — 6 

4. Solve the equation 

a(d^ +z^) . ax 

dT -'"' + T- 

Ans, X = T-. 
c 

5. Solve the equation 

c x^ fx^ 

a-|-6xT" d -^ ex' 
. cd — af af — cd 

hj — c e ce — hj 

6. Solve the equation 

^ abc a^h^ , { ^a + h)b^x H 

' a + 6 + (a-f.6)3+ a{a'\-bY —^^^+^' 

Ans, X = ■ 



\ 



a + 6* 

7. Two capitalists calculate their fortunes, and it appears 
that one is twice as rich as the other^ and that together they 
possess $ 38 700. Wh^t is tlie capital of each? 

Ans. The one has $ 12900, the other $25800. 

8. To find two such numbers, that the one may be m 

times as great as the other, and that their sum = a. 

- a ' _ ma 

Ans, — r-T and 



m+1 m+r 

9. The sum of $ 1200 is to be divided between two per* 
sons, A and B, so that A*b share is to JB's as 2 to 7. How 
much does each receive? 

Ans. A9266i, B$99^.^'.^ 
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10. To divide a number a iDto two sach purts, that the 
first part is to the second as m to n. 

, ma , •"' 

Ans» — ; — and 



11. How much money have I, when the 4th and 5th parts 
of it amount together to $2,25? 

Ans, $ 5. 

12. Find a number such, that when it is divided succes- 
sively/by m and by n, the sum of the quotients = a. 

. mna 

Ans. — ; — . 

13. Divide the number 46 into two parts, so that when the 
one is divided by 7, and the other by 3, the sum of the quo- 
tients = 10. 

Ans. 28 and 18. 
14.' All my journeyings taken together, says a traveller, 
amount to 3040 miles; of which I have travelled Z^ times as 
much by water as on horseback, and 2^ times as much on 
foot as by water. - How many miles did he travel in each 
of these three ways? 

Ans. 240 miles on horseback, 840 miles by watefj 
and 1960 miles on foot. 

15. Divide the number a into three such parts, that the 
second may be m times, and the third n times as great as the 

first. 

.a ma na 

^"*- i^m + n' 1+w + n' l + w + n' 

16. A bankrupt leaves $21 000 to be divided among four 
creditors A, By C, 1>, in proportion to their claims. Now 
^'s claim is to B's as 2 : 3 ; B*a claim : C's = 4:5; and 
Cs claim : D'b =s: 6 : 7. How much does each creditor 
reeeive? 

Ans. A $3200, B $4800, C $6000, D $7000. 
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17. Divide the number a into three such parts, that the 
Ist shall be to the 2d as m to n ; and the 2d part : the 3d = 
p:q. 

^^^ mp a ^P^ »g« 

mp-^np-^-nq^ mp-^np-^nq* mp-^np-{'nq' 

18. There are two numbers whose sum is 96, and differ- 
ence 16 ; what are they ? Ans, 56 and 40. 

19. A father gives to his five sons $1000, which they are 
to divide according to their ages, so that each elder son shall 
receive $20 more than his next younger brother. What is 
the share of the youngest ? - * Ans. $160. 

20. One has six sons, each whereof is 4 years older than 
his next younger brother; and the eldest is three times as 
old as the youngest. What is the age of the eldest? 

Ans. 30 years. 

21. There is a certain fii^ whose head is- 9 inches; 
the tail is as long as the head and half the back; and the 
back is as long as both the head and the tail together. 
What is the length of the fish? Ans. 72 inches. 

22. Five gamesters have lost jointly $40f ; B'b loss 
amounts to ^ dollar more than triple A*s; Cs loss is $2 less 
than twice ^'s; D lost j^ dollar less than A and B together; 
and JS twice as much as B less ^ dollar. How much did 
each ofUiem lose ? 

Ans. A $2, B $6^, C $11, D $8^, E $12^ 

23. A mason, 12 journeymen, and 4 assistants^ receive 
together $ 72 wages for a certain time. The masoii receives 
$1 daily, each journeyman ^ dollar, and each assistant 
^ dollar. How many days must they have worVed for this 
money ? Ans. 9 days. 

24. Find a number such that if yoa multiply it by 5, sub- 
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tract 24 from the product, divide the remainder by 6, and 

add 13 to the quotieot, you will obtain this number. 

Ans. 54. 

25. A courier left this place n days ago, and makes a 

miles daily. He is pursued 'by another making b miles 

daily. In how many days will the second overtake the 

first 1 '^ '" \ - n^a . 

' » L r -^^s. days. 

Jpr X-^ b — a ^ 

26; A courier started from a certain place 12 days ago, 
and>>is pursued by another, whose speed is to that of the first 
as 8 : 3. In how many days will the second overtake the 
first ? Ans. 7| days. 

27. A courier started from this place n days ago, and is 
pursued by another whose speed is to that of the first as q is 
to p. In how ipany days will the second overtake the first ? 

4 Ans. = — . 

p — q 

28. Two bodies move in opposite directions ; one moves c 
feet in a second, the other C feet. The two places, from 
which they start at the same time, are distant a feet from 
one another. When will they meet? ' 

Ans, In -p=^-7' — seconds. 
C -^ c 

29. Two bodies move in the same direction from two 
places at a' distance of a feet apart; the one at the rate of c 
feet in a second, the other pursuing it at the rate of C feet 
in a second. When willthiey meet? ^ - 

Ans, In — . seconds. 

' ,C— c 

30. At 12 o'clock, both hands of a' clock are together. 
When and how often will these hands be together in the 
next 12 hours ? 
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Ans. At 5^ minutes past 1, 
at lOff minutes past 2, 
at 16^ minutes past 3, 
and so on, in each sue* 
* cessive hour, 5^ min- 

utes later. 

31. Two bodies, move after one another in the circumfer- 
ence of a circle, which measures p feet. At first they are 
distant from each other by an arc measuring a feet; the 
first moTes c feet, the second C feet, in a second. When 
will those two bodies meet for the first time, second time, 
and so on, supposing that they^ do not disturb each other's 
motion? 

Ans,- In — , ^ — , j^ ' , &c. seconds. 

C — c C — c C — c 

33. When will they meet, if the first begins to move t 
seconds sooner than the Seconal ? 

Ans. In i+l£,?±iL±£^.?^±fH:£f.&c. seconds. 

33. But ^hen will they meet, if the first begins to move 
t seconds later than the second 1 

Ans. In -7= — ^—,^-73 , ^St i&'C seconds. 

C- — c C — c C—c 

34. When will they meet, if the first, instead of running 
in the same direction with the second, runs in the opposite 
direction, and starts at the same time ? 

35. When will they meet, if, moving in an opposite di- 
rection to the second, the first starts ^ seconds sooner than 
the second ? 

^- I- c + 7' C+c ' -^^Jqr^.&c. seconds. 
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86k But when will they meet, if^ moviag in an opposite 
direction to the second, the first starts t seconds later tkan 
the second ? * 

^^- ^" C + 7' - CT7-' -^^^ ,&c.^econds. . 

37. A wine merchant has two kinds of wine; the one 
costs 9 shillings per gallon, the other 5. He wishes to mix' 
both wines together, in such quantities, that be m^y have 5Q 
gallons, and each gallon, without profit or loss, may be sold 
for 8 shillings. How must he mix them ? 

Ans, 37^ gallons of the wine at 9 shillings, with 
, ' 12^ gallons of that at 5 shillings. 

38. A wine merchant has two kinds of wine; the one 
costs a shillings per gallon, the other b shillings. How musl* 
he mix both these wines together, in order to have n gallons, 
at a price of c shillings per gallon ? 

Ans, J-- gallons of the wine at b shillings, 

and ^ — • gallons of that at a shillings. 

39. To divide the number a into two such parts, that, if 
'the first be multiplied by m and the second by ?i, the sum of 

the products is 6. 

. b — na , ma — b 
Ans. and 



m — n m — n 

40. One of my acquaintances is now 30, hisjekJer brother 
20 ; and consequently 3 : 2 is the ratio of his age to his 
brother's. In how many years will their ages be as 5 : 4 ? 

Ans, In 20 years. 

41. What two numbers are those, whose ratio = a:b; 

but, if c is added to both of them the resulting ratio = m : n. 

ac(m — n) . bc(m — n) 

Ans, — ^^ — - — '- and — ^^ y—^. 

an — om an — bm 
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■'- " ■""■'' .* • ' ' ' ■■■.-.... .y 

42. Find a number suolr that 5 times the number is as 
much above 20, as the number itself is below 20. 

* Jfns. 6f . . • 

43. A person wished to buy a hodse, and in order to raise - 
the requisite capital, he draws the same sum from each of 
his debtors. He tried, whether, if he ' obtained $250 from 
each, it would be •sufficient for the purpose ; he found, how- 
ever, that he would then still lack $2000. He tried it, there- 
fore with $340;' but this gave him $880 more than he Fe^ 
quired. How many debtors had he ? ^ Ans. 32. 

44. A father leave^^number of childfreji, and a certain 
sum, which they^^ to divide amongst them as follows : 

^The first is to receive ^100, and then the 10th part of the 
remainder; after this, Ihe^second has $200, and the 10th 
part of the rem'iiinde^' J^n, the third receives $300, and 
the 10th part of U^Wteainder; and soon, each succeeding 
child is to receive $100 more than the K>ne preceding, aiid 
then the 10th part of that which still remains. But it is 
found that all the children have received the same sum. What 
was the fortune left? and what was the number of children? 
Ans. The fortune was $8100, 

- and the number of children 9. • 

45. Divide the number 10 into two such parts, that the 
difference of their squares may be 20. ^715. 6 and 4. 

46. Divide the number a into two such partis, that the 

* difference of their squares may be 6. 

a^ + b ^d^ — b 

Ans, -^ — and —^ . 

2a 2a 

47. What two numbers are they whose difference is 5, 
and the difference of whose squares is 45? 

Ans. 7 and 2. 
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' ' 1 — ■■ ■■ — ^ 

48« What two numbers are they whose difference is a, 

and the difference of whose squares is 6 ? 

► • ' b — a^ j6 + «^ 

Ans. — jr and — ^^ . 

2a 2a 

96. Corollary. When the solution of a problem gives 
zero for the value of either of the unknown quan- 
tities I this value is sometimes a true solution ; and 
sometimes it indicates an impossibility in the propo- 
sed question. In any such case, therefore, it is neces- 
sary to return to the data of the|jroblem and investi- 
gate the signification of this resull^^ 



SXAM]^LES. 

1. In what cases would the value of t'^^known quantity 
in example 25 of art. 94 become zero? and what would this 
value signify ? • Ans, When « = 0, 

, or when a = ; 

and, in either case, this value signifies that the 
couriers are together at the outset ; and zero ^ 
must, therefore, be regarded as a real sblution. 

2. In what cases would the value of the unknown quantity 
in example 35 of art. 94 become zero ? and what would this 
vahie signify ? 

Ans. When « = -, or = ^ ' , or = -=^--^ — , &c. 
c c c 

an4 either of these equations signifies that the 

bodies are together when the second body starts, 

the fifst body having just arrived at the point of 

departure of the second, and zero is, therefore, 

to be regarded as a real scjution. 
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£xjimple8 of unknown quimtity equal to Zero. 

3. In what cases would the value of one of the unknown 
quantities in example 38 of art. 94 become zero? and what 
would this value signify 1 

Arts, When, either 

a = c, or 6 = c ; 
and, in either case, these equations indicate that 
the price of one of the wines is just that of the 
required mixture, and, of course, needs none of 
the other wine adde4 to it to make it of the re- 
quired value; and zero must, therefore, be re- 
garded as a true solution. ^ 

4. In what cases would the value of one of the unknown 
quantities in example 39 of art. 94 become zero ? and what 
would this value signify ? Ans, When 

b z=i na, OT =^ma; 
and these equations indicate that a is itself such 
that, multiplied either by m or by n, it gives a pro- 
duct c= b ; and zero may be regarded as a true 
solution, expressing that one of the parts is zero, 
while the other is the number a itself. 

5. In what cases would the value ^of one of the unknown 
quantities in example 41 of art. 94 become zero 1 and what 
would this value signify ? 

• Ans. First When a = 0, or 6 = 0, 

and, in this case, zero is a true solution by re- 
garding all numbers as having the same ratio to 
zero. 

Secondly. When c = 0, 
and, in this case, the problem is impossible, for 
the ratio of no two numbers can be equal to 
each of the unequal ratios a : b and m : n. 

Thirdly: When w = n, . 
and, in this case, the problem is impossible, for 
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no two numbers, whose ratio =z a : b^ and which 
are therefore unequal, can, by the addition of 
c to each of them, become equal to each other, 
as required by the ratio m :n =z m : m =: 1. 

96. When the solution of a problem gives, for the 
values of one of its unknown quantities, any fractions, 
the denominators of which are zero, while the nume- 
rators ar^not zero; such values aro, generally, to be 
regarded as indicating an absurdity in the enunciation 
of the problein, 

EXAMPLES. 

1. In what case does the denominator of the fractional, 
value of the unknown quantity in example 25 of art. 94 be> 
come zero ? and what is the corresponding absurdity in the 
enunciation of the problem ? 

Ans, When a = 6» , 
and the absurdity is that, while the couriers are 
travelling at the same rate, it is required to de- 
termine the time in which one will overtake the 
other. 

2. In what case do the denominators of the fractional 
values of the unknown quantity in example 38 of art. 94 
become zero? and what is the corresponding absurdity in 
the enunciation of the problem ? , 

Ans. When a = &, 
and the absurdity is that, while both the wines 
are of the same value, they should give a mix- 
ture of a value different from their common 
value. 
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3. In what case woald the denominators of the fractional 
vafues of the unknown quantitM in example 41 of art. 94 
become zero ? and what is the corresponding absurdity of 
the enunciation ? 

Ans. When an =z bm, 
that is, when a : b = tn : n; 
and the absurdity is, that the ratio of two nlim- . 
bers should not be changed by increasing them 
both by the same quantity. 

4. In what case would the den9minators of the frac- 
tional values of the unknown quantities in example 48 of 
art. 94 become zero? and what i^ the corresponding absur- 
dity of the enunciation ? 

Ans. When a = 0, 
and the absurdity is, that the squares of two 
equal numbers should differ. 

97. Corollary. When 4he solution of a problem 
giVes for the value of either of its unknown quanti- 
ties a. fraction whose terms are each equal to zero, 
this value « generally indicates that the conditions of 
the problem are not sufficient to determine tills un- 
known quantity, and that it may have any value 
whatever. In some cases, however, there are limita- 
tions to the change of ^ value of the unknown quan- 
tity. 

EXAMPLES. 

1. In what case would both the terms of the fractional value 
<of the unknown quantity in example 125 of art 94 become 
zero? and how could this value be a solution? 
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Ans. When b = a, 
and* n = ; 
and these equations signify, that the couriers 
travel equally fast, and start at the ^ame time ; 
and^ therefore^ they remain together, and any 
number whatever may be taken as the value of 
the unknown quantity. 

2. In what case would both the terms of either of the 
fractional values of the unknown quantity in example 31 
of art. 94 become zero I and how could this value be a so- 
lution I 

Ansj When a.±= o, 
and C=^ c'f 
and these equations signify^ that the bodies move 
equally fast^^ and start from the same place ; they, 
therefore, remain together, and any number 
whatever may be taken as the value of the un- 
known quantity. ^ ^ 

But, in this c^se, all the algebraic values of 
the unknown quantity but the first become infi- 
nite, as they should, because th^ are obtained 
on the supposition that the second body has 
passed round the circle once, twice, &c. oflener 
than the first body ; which is here impossible. 

3. In what case would all the terms of the fractional values 
of the unknown quantities in example 3S of art. 94 become 
zero? and how could they, then, satisfy the conditions of the' 
problem ? 

Ans. When a = 6 = c ; 
and these equations signify, that the wines and 
the mixture are all of the same value ; in what^- 
ever proportion, therefore, the wines are mixed 
together, the mixture must be of the required 
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value. But the values of the unknown quanti- 
ties are still subject to the limitation that their 
sum is n. 

4. In what case would the terms of the fractional values 
of the unknown quantities in example 39 of art. 94 become 
zero? and how could they, then, satisfy the conditions of 
the problem 1 

Ans, When m z=zn^ 
and h =: na:=. ma\ 
and these equations signify, that the sum h of the 
products of the parts of a multiplied by m = » 
is to be equal to the product of a multiplied by 
n ; and this is, evidently, the case into whatever 
parts a is divided. 

5. In what cases would all the terms of the fractional 
values of the unknown quantities in example 41 of art. 94 
become zero ? and how could they, then, satisfy the con- 
ditions of the problem ? 

Ans, First, When a\h :=^ m\n, 
and c = 0; 
for these i^uations indicate that the two re- 
quired numbers are only subject to the condition • 
that their ratio = a : 6. 

Secondly, When i» = n, 

and a:6 = m:n=:in:fit = l, 
that is, a = 6; • 
for these equations indicate that the two num- 
bers are.to be equal ; and that they are to remain 
equal, when they are increased by c, which would 
always be the case. 

6. In what case would all the terms of the fractional 
values of the unknown quantities in example 48 of art 94 
become zero? and how could these values be solutions? 
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Ans. When - a = 0, 
and 6 = 0; 
and their equations indicate that the numbers 
"are to be equal, and that their squares are to be 
equal, which is always the case with equal num- 
bers. 

98. Corollary. When the solution of a problem 
gives a negative value to either of the unknown 
. quantities, this value is not generally a true solution 
of the problem ; and if the solution gives no other 
than negative values for this quantity, the problem is 
generally impossible. 

But, in this case, the negative of the negative value 
of the unknown quantity is positive; so that the 
enunciation of the problem can often be corrected by 
changing it^ so that this unknown quantity may be 
added instead of being subtracted, and the reverse. 

EXAMPLES. 

1. In what cffie would the value of ||ie unknown quan- 
tity in example 25 of art. 94 be negative? why should it be 
so 1 and could the enunciation be corrected for this case ? 

Ans. When a > & ; 
that is, when the second courier goes slower 
than the one«he is pursuing, in which case he 
evidently cannot overtake him ; and the enun- 
ciation does not, in this case, admit of a legiti- 
mate correction. . ^ 

2. In what case would the values of the unknown quan- 
tities in examples 29, 31, 32 be negative? why should tjiis 
be 80? and could the enunciates be corrected for this 
case? . 
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Ans. When c > C; 
that 18, when the first body moves faster than the 
second, in which case the second cannot over- 
take it. 

The enunciatbn may be corrected for this, 
case by supposing the bodies to travel in the 
opposite direction to that which they are at 
present taking, that is, by supposing the first, 
body to 'pursue the second. 

Examples 31 and 32^ are not, however, impos- 
sible in this case ; for, from the very nature of 
their circular motion, the first body is necessarily 
pursuing the second even in their present di- 
rection ; the second body must not, however, be 
considered as a feet or a -|- ^ ^ ^^^^ behind the 
^ ■ first, but as jp — a . or p — (a'{-ct) feet before 

it. 

^^ ^ 8. In what cases would the values of the*unknown quan- 
• tity in example 33 oT art. 94 be negative ? why should this 
■, bejll^e case? and could the enunciation be corrected for this 

AnW, First. When C < c, 
which is subject to the same remarks as in the 
' preceding question: 

Secondtfk When C^c, 
and ct> tty or >li+ «, or > 2p + ^> ^®- > 
that is, when the first bo<]j^ does not start until 
the second body has passed it once, or twice, 
or three times, &c. ; and if the bodies were 
moving in the same straight line, the enunciation 
would not admit of legitimate correction. As it 
is, however, the first body i^ still pursued by the 
second, and isp + a — c#, 2p + a — c <,&e. 
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feet before the second, when it starts; so that . 
all the values given for the unknown quantity 
are correct, except the negative ones. 

4. In what cases would the values of the unknown quan- 
tity in example 35 of art. 94 be aegative 1 why should this 
be the cas^ ? and could the enunciation be corrected for this 
easel 

Ans. When 
ct^a^ or >p^-a, or >2p + flr,&c.; 
that is, when the first body has passed the second 
once, twice, &c. before the second begins to 
move. 

If the bodies were moving in the same straight 
line, the second body would be obliged to change 
its direction, and move in the same direction with 
the first, and even with this change of enuncia- 
tion the problem is impossible, if the second body 
moves slower than the first. 

But as it is, the bodies are still moving towards 
each other in the circumference of the circle ; ^ 

their distance apart at the instant when the second^ • 
body starts being J? + a — ct^ ^^P "h ^ — ^ * 
. &LZ. feet ; so that all the positive values of the 

.\ ' unknown quantity are true solutions. 

5. In what cases would the values of either of the un- 
known quantities in example 38 ofart. 94 be negative ? why 
should this be the case ? and could the enunciation be cor- 
rected for this case 1 * 

Ans, If we suppose, as we evidently may, that 

a>6; 
one of the values is negative. 

First, When a < c ; 
that is, when the price of the most expensive 
wine is less than that of the required mixture. 
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Secondly. When 6 > c ; 
that is, when the price of the least expensive 
wine is more than that of the mixture. 

In either case the problem is altogether impos* 
sible, for two wines cannot be mixed together so 
as to produce a wine more valuable than either 
of them without a gain, or less valuable than 
either of them, without a ioss. 

6. In what cases would the value of either of the unknown 
quantities in example 39 of art. 94 be negative ? why should 
this be so ? and could the enunciation be corrected for this 
case'? 

Ans, Supposing, as we may, that 
m> n; 

First. When n a> h, 
that is, when th^ sum 6 of the products is less 
than the product of a by the least of the num- 
bers m and'n. 

Secondly, When »i a < 6 ; 
that is, when the sum h of the products is greater 
than the product of a by the greater of the num- 
bers m and n. 

In either of these cases, the problem is plainly 
impossible; and, in the corrected enunciation, 
a should be the difference of the required num- 
bers, and h the difference of the products ob- 
tained from multiplying one of the' numbers l^- 
m and the other by n. 

7. In what cases would the values of the unknown quan- 
tities in example 41 of art. 94 be negative? why should this 
be so? and cpuld thcf enunciation be corrected for this case? 

Ans, First, When m^- n, 
and an <bm, or a : h <m : n; 
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that is, when the first ratio is less than the sec- 
ond, and the second is greater than unity. 
Steondly. When m < n, 
and a ih^mmi 
that is, when the second ratio is less than the 
first, and also less than unity. 

In either case the problem is impossible, and 
I c is to be subtracted instead of being added in 
the corrected enunciation. 

8. In what case would the value of one of the unknown 
quantities in example 46 of art. 94 be negative ? why should 
this be so ? and could the enunciation be corrected for this 
case? 

Ans. When 6 > a^ ; 
that is, when the difference of the squares of the 
parts of a is to be hlfsk'ihah the square of the 
number itself, which can never be the case ; for 
the greatest possible difference of squares cor- 
responds to the case in which one of the parts 
is the number a itself, and the other is zero; 
and the difference of the squares is then just 
equal to the square of a. 

The enunciation is corrected for this case by 
stating it as in example 48. 

99. Corollary. It follows from example 7 of the 
preceding section that a fraction or ratio, which is 
greater than unity, is increased by diminishing both 
its terms by the same quantity; and a fraction or 
ratio, v^hich is less than unity, is diminished by di- 
minishing both its terms by the same quantity ; but 
the reverse is the case, when the terms are increased 
instead of being diminished. 
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One £quation with leveral unknowa quantitiet. 

SECTION IV, 

EqaatioDs of the First Degree containing two or more unknown 
qaantitiefl. 

100. Iq the solution of complicated problems in* 
volving several equations, it is often found convenient 
to use the same letter to denote similar quantities, 
accents or numbers being placed to its right or left, 
above or below, so as to distinguish its different values. 

Thus, fl, a', a", a'", a'^ , . . . . a^") , &c- 
a(i^ a(2)^ a(3)^ a(4)^ _ . , a(«), &c. 
a, a, a, a, a, d&c. 

1 2 3 4 » 

% "a, '"a, '^a, °a, &c. 

»a, ^a, ^a, *a, "a, &c. 

l"> 9^' 3^' 4^' ..... ,a, &c. 

«^ ^«4' i«3' 2«^ K • • • :<"^ «^<^- 

may all be used to denote different quantities, though they 
generally are supposed to imply some similarity between the 
quantities which they represent. Care must be taken not to 
confound the accents and the numbers in parentheses at the 
right with exponents: 

101. JProblem, To solves an equation with several 
unknotvn quantities. 

Solution. Solve the given equation precisely as if 
all its^ unknoion quantities were known, except any 
one of them which may he chosen at pleasure ; and 
in the value of this unknown quantity , which is thus 
obtained in^ terms of the other unknown quantities, 
any values whatever may he substituted for the other 
8 



86 ' ALOfiBRA. [CH. III. ^ IT. 

Indeterminate Equations referred to the theory of Numbers. 

unknown quantities, and the corresponding value of 
the chosen unknown quantity is thus obtained, 

102. Corollary. An equation which contains sev- 
eral unknown quantities is not^ therefore, sufiScient to 
determine their values, and is called indeterminate* 

103. Scholium. The roots of an indeterminate 
equation are sometimes subject to conditions which 
cannot be expressed by equations, and which limit 
their values ; such, for instance, as that they are to 
be whole numbers. But their investigation depends, 
in such cases, upon the particulajr properties of differ- 
ent numbers, and belongs, therefore, to the Theory 
of Numbers. 

104. Theorem. Every equation of the first degree 
can be reduced to the form, 

Ax-\' By + Cz +&C. + M = 0,- , 

in which A, B, C, 6^c. and M are known quantities, 
either positive or negative, and x, y, z, 6(*c. are the 
unknown quantities. > 

tiemottstration. When an equation of the first degree is 
reduced, as in art. 88, the aggregate of all its known terms 
may be denoted by Jf. Each of the other terms must have 
one of the unknown quantities as a factor, and, by art. 80, 
only one of them, and that one taken but once as a factor. 
Taking out, then, each unknown quantity as a factor from 
the terms in which it occurs, and representing jts multiplier 
by some letter, as A, B, C, &c., the corresponding unknown 



CH. III. ^ IT.] KQUATIONS OV THE FIRST DEGREE. 87 
Solution of any Equation of the First Degree. 

quantities being represented by z, y-, z, &c., the equation 
becomes 

105. Problem. To solve any equation of the first 
degree. 

Solution. Having reduced the equation to the form 

^ 2 + By 4- C« + &c. + If = 0, 

find^ as in art. 101, the value of either of the unknown 
quantities, as x for instance, which, is, by art 90, 

and any quantities at pleasure may be substituted for y, 
z, &c. 

106- Problem. To solve several equations with sev- 
eral unknown quantities. 

First Method of Solution coiled f hat of Elimination 
by Substitution. Find the value of either of the un- 
known quantities in one of the equations in which it 
occurs, and substitute its value thus founds which is 
generally in terms of the other unknown qu^antities, 
in all the other equations in which it occurs. 

The new equations thus formed, together vnth those 
in which this unknown quantity does not occur, are 
one less in number than the given equations, and 
contain one unknown quantity less, and may, by a 
succession of similar eliminations be still farther re- 
ducjBd in number and in the number of their unknown 
quantities, until only one equation is finally obtained; 
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Solution of Equations. Eliminatioii by Substitution. 

and the solution of all the given equatimis is thus 
reduced to that of one equation. 

107. Corollary. When there are just as many equa- 
tions as ^unknown quantities, the final equation of the 
preceding solution wiU, in general, contain but one 
unknown quantity, the value of which maybe thence 
obtained ; and this value, being substituted in the 
. values of the other quantities, will lead to the deter- 
mination of the values of all the unknown quan- 
tities. 

10&. Corollary. When the number of unknown 
quantities is more than that of the given equations, 
the final equation will contain several unknown quan- 
tities, and will therefore be indeterminate ; so that 
a problem is indeterminate, which gives fewer equa-- 
tions than unknown q^iantities. 

109. Corollary. When the number of unkiiown 
quantities is less than that of the given equations, 
only as many of the given equations are required to 
determine the values of the unknown quantities as 
there are unknown quantities ; and the problem is 
therefore impossible, when th6 valuesof the unknown 
quantities determined from the requisite equations do 
not satisfy the remaining equations. 

110. Problem. To solve two equations of the first, 
degree with two unknoum qtiantities. 

SoluHen. Suppose, as in art. 104, the giTen equatioi^ to 
be reduced to the forms 
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Case in which fhe roots of two Equations are Zero. 
-Ax + By + 11=0, 

in which x and y are the unknown quantities. 

The value of x, obtained from the first of these equa- 
tions, is 

— By — M 
^= 2 ' 

which, substituted in the second equation, gives 

-- ^'-»y— *^^ + ^^y + Jf = 0. 

The value of 'y is found from this equation, by art. 90, 
to be 

AM— AM ' , 
^^AB' — A'B' 

which, substituted in the above value of x, gives 

_ BM' — B 'M 
'^'^ AB' —A'B\ 

111. Corollary. The value of ar, obtained by the 
preceding solution, would be zero, if we had 

BM'^B'M. 

But, in this case, if the first of the given equations is 
multiplied by B'^ and the second by jB, these products be- 
come, by transposition and suhstitution, 

AB'%^^BB'ff — B'M, 
A'Bx = — BB'y — BM'^ — BB'y-^B'M'^ 
whence 

AB'x z=zA'Bx; 

that is» the given equations involve the condition that two 

8* 
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Case in which the roots of two Eqvatkxii are infinfte and indeterminate. 

different multiples of % are equal. But this is impossible, 
unless 

1=0. 

The value of y would, likewise, be zero, if we had 
A'M=AM\ 
which leads to similar conclusions with regard to y as those 
just obtained with regard to z. 

112. Corollary. The denominators of the values 
of both the unknown quantities would be zero, if we 
had 

AB' ^A^B. 

But, in this case, if the first of the given equations is 
multiplied by B' and the second by jB, these products be- 
come, by transposition and substitution, 

AB'X'\'BB'y=^B'M, _ 

A'Bx-\-BB'y:^AB'x'\'BB'y=zBM'\ 

whence, we must have 

B'Mz=BM'; 

that is, they involve the impossibility that the two unequal 
quanties B' M and B M' are equal. 

113. Corollary. Both the terms of the fractional 
value of X would be zero, if we had 

BM' = B'M, and AB' z= A'B. 

But, in this case, if the first of the given equations is 
multiplied by B^ and the second by B, the products become, 
by substitution, 

AB'x^BB'y+B'M=^0, 
A'Bx+BB'y+BM'=:AB'x+BB'y+B'M=:Oi 
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Equations of the First Degree. 

that is, the two given equations are equivalent to but <me, 
and are, as in art. 108, indeterminate. 
The product of the two equations 

JB Jf' = B'M, and i45' = A'B, 
b ABB'M' =^ A'BB'M, 

which, divided by BB', is 

AM'=^A'M, 
so that both the terms of the value of y would also be zero. 

EXAMPLES. 

1. Solve the two equations 

3rc + 2y=118, 

Ans^ X = 16, y =5 35. 

2. Solve the two equations 

2+3-®' 

3 2 *• 

Ans. z = 12, y = 6. 

3. Solve the two equations 

7 + x 2a; — y 

-T -4-^ = 3y-5, 

5y — 7 . Ax — 9 

— 5 1 g— = 18 — 5a;. 

Ans, X = 3, y r= 2. 

4. Solve the two equations 

ax^=zhy, 

X + y = c. 

. 5 c a c 

ilns. X = — -—-, y == — — -. 
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Equations of the First Degree solved by £liminfttion by Substitution. 

5. A says to B, * give me 9100, and I shall have as much 
as you.' * No/ says B\x}A,* give me rather $100, and then 
I shall have twice as much as you.' How many dollars has 
each? Ans, ^ $500, and jB $700. 

6. Said a man to his father, 'how old are we?' 'Six 
years ago/ answered the latter, ' I was one third mor^ than 
three times as old as you ; hut three years hence, I shall be 
obliged to multiply your age by 2^ in order to obtain my 
own.' What is the age of each ? 

Ans, The father 36, the son 15 years. 

7. A cistern containing 210 buckets, may be^ filled by 2 
pipes. By an experiment, in which the first was open 4, 
and the second 5 hours, 90 buckets of water were obtained. 
By another experiment, when the first was open 7, and the 
other 3^ hours, 126 buckets were obtained. How many 
buckets does each pipe discharge in an hour? 

Ans. The first pipe discharges 15, 
and the second pipe discharges 6 buckets. 

8. There is a fraction such, that if 1 be added to its nu- 
merator its value becomes =s ^ ; and if 1 be added to its 
denominator its value becomes = ^. What fraction is it? 

Ans. -^. 

9 Required to find two numbers such, that if the first be 
increased by a, and the second by ft, the product of these 
two sums exceeds the product of the two numbers themselves 
by c ; if, on the other hand, the first be increased by a', and 
the second by ft', the product of these sums exceeds the pro- 
ducts of the two numbers themselves by d. 

a'c — ac'-j-aa'ft'— aa'ft 



Ans. The first .is 
the second is 



a'b — abf 

hcf — yc'{'ahV—a!hh' 

alb — ab' 
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Equations of the First Degree solved by Elimination by Substitution. 

10. A person had two barrels, and a certain quantity of 
wine in each. In order to obtain an equal quantity in each, 
he poured out as much of the first cask into the second, as 
the second already contained ; then, again, he poured out 
as much of the second into the first as the first then con- 
tained, and lastly, he poured out again as much 'from the 
first into the second as the second still contained. At last 
he had 16 gallons of wine in each cask. How many gallons 
did they contain originally f 

Ans. The first 22, the second 10 gallons. 

It. 21 lbs. of silver lose 21bs. in water, and 91bs of cop« 
per lose 1 lb. in water. Now, if a composition of silver and \ 
copper weighing 148 lbs. loses 14|lbs. in water, how many 
lbs. does it contain of each metal ? 

Ans. 112 lbs: of silver, and 36 lbs. of copper. 

12. A^iven piece of metal, which weighs p lbs., loses e lbs. 
in water. This piece, however, is composed of two other 
metals A and B such, that plbs. of A lose albs, in water, \ 
and p lbs. of B lose 6 lbs. How much does this piece con- 
tain of each metal ? 

Ans. ^^:^^ lbs. of A. 
— a 



and ^'-"^^Ib^ofB. 



13. According to Vitruvius, the crawn of Hiero, king of 
Syracuse, weighed 20 lbs., and lost 1^ lbs. in water. Assuming 
that it consists of gold and silver only, and that 19)64 lbs. of 
gold lose 1 lb. in water, and 10,5 lbs. of silver lose 1 lb. in 
water. How much gold, and how much silver did this crown 
contain ? 

Ans. 14,77 . . . lbs. of gold, and 6,22 • . . lbs. of silver. 
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Equations of the First Degree solved by Elimioation by Substitution. 

114 Problem. To solve any number of equations 
of the first degree tvith the same number of unknown 
quantities. 

Solution, Let there be three equations with three unknown 
quantities; these equations may^ by art. 104, be reduced to 
the forms 

Ax + By + Cz + M=:0, 

A'x+B"y + C'z+M'=0. 
The -value of x, as given by the first of these equations, is 

— By—Cz — M 

*= -A -• 

which, being substituted in the other two equations, and the 
resulting equations being reduced, .as in art. 104, gives 

{AB'—A'B)y'\'(AC—A'C)z'\'AM}—A"M^O, 

{AB"—A"B)y+{AC'—A"C)z-\-AM}'—A"M=Q. 

These equations, being reduced, as in art. 110, give 

^ (A'0'—A"C)M+{A"C—AC')]kl!~+(AC—A'C) M ' 
^ "" {A'B"—A"B')C'\'(A"B—AB")0+ \aB'—A'B)C'' 

_ {A"B'—A'B")M+(AB"—A"B)M'+{A'B—AB')M}' ^ 

* "~ \a'B'^—A"B')C+ {A"B—AB")C+ {AB'^A'B)0' ' 

in which the terms .are arranged in groups in order to dis- 
play the symmetry of the result ; and these values, being 
substituted in the value of 2, give 

^ ( B"C—B'0')M-\'(B C'—B'C)M''\^{B'C—B C)M" 

* {A'B''—A'B')C+(A"B—AB")C+{A B-^A'B) C 

If this method of solution be applied to a greater number 
of equations, it will lead to similar results. 
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Examples to be solved by Elimination by Substitution. 



EXAMPLES. 

1. Solve the three equations* 

2+ y+ 2 = 6, 
2^ + 3y + 4z = 20, 
3x + 7y + 5z = 32. 

Ans. X = I, y = 2, 2=3. 

2. Solve the three equations 

y+Jx = 4l, 
x + iz = 20J, 
y+iz=34. 

Ans. a; = 18, y = 32, 2 = 10. 

3. Solve the three equations 

53 — Ja: — J2 = y — 109, 

5y =: 42. 
^115. X = 64, y = 80, 2 = 100 

4. Solve the four equations 

«+ y+ «+« = !. 
16x+ 8y+ 42 + 211 = 9, 

81x-}-27y4- 92 4- 3m = 36, 

256x 4- 64y + 1^2 + 4« = *^^- 

i4it5. X = I, y = J, 2 = J, ti = 0. 

5. The sums of three numbers, taken two and ivrd, are a, 
6, c. What are they ? 

X«s. J(a + 6— c), i(« + c — 6)» i(* + « — «). 

Qt Ay B, C compare th^ir fortunes. A says to B, 'give 
me $700 of your money, and I shall have twice as much as 
you retain ; ' B says to C, * give me $1400, and I shall have 
thrice as much as you have remaining/ Csays to A, ' give 
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£xampl«s to be solved by EluninatioD by Substitution. 

me $420, and then I shall have 5 times as much as you re- 
tain.* How much has each ? 

Ans. A $980, B $1540, C $2380. 

7. Three soldiers, in a battle, make $96 booty, which 
they wish to share equally. In order to do this, A, who 
made most, gives B and C as much as they already had ; in 
the same manner, B then divided with A and C; and after 
this, C with A and B, If, by these means, the intended 
equal division h effected, how much booty did each soldier 
make ? 

Ans. A $52, B $28, and C$16. 

8. A, jB., C, D, E play together on thb condition, that 
he who loses shall give to all the rest as much as they already 
have. First A loses, then B, then C, then>I>, and at last 
also.J^. All lose in turn, and yet at the end of the 5th 
game they all have the same sum, viz. each $32. How 
much had each when they began to play ? 

^5. ^ $81, jB$41, C$21, Z>$11, jE$a 

115. Second Method of solving the Problem of 
art 106, called that of Eliminatioti by Compari- 
son, Find the value of either of the unknown quan- 
tities in all the equations in which it is contained; 
place either of the values thus obtained equal to each 
of the others^ and the equations thus formed will be 
one less in number than those from tohich they are 
obtained, and will contain one unknown quantity less. 
By, continuing this process 07i these new equatiojts, 
the number of equations will at last be reduced to 
one. 
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Examples to be solved by ElimiDation by ComparisoD. 



EXAMPLES. 

1. To solve anjf two equations of the first degree with 
two unknown quantities. 

Solution. These equations may, as in art. 110, be reduced 
to the forms 

Ax^By + M^f^, 

The values of x, obtained from these equations, are 
— By-^M 

^B*y-^M' 

*-- -J, 

which, being placed equd to each other, girt 

— By — M _ —B'y—M ' 
~A A' 

whence 

_ A>M — AM' 
^ ~ AB—A'B\ 
and, therefore, 

_ BMf — B'M 
" AB' — A'B' 
being the same values as those obtained in art. 110, 

2. Solve the thr^e equations , 

x^ yT z 12' , 



±4. ±_ ±— _ 



1_ 1 I 1_ _5 

X y + « "■ 12' 
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Examples to be solved by filimiiiatioa by Comparison. 

SoltUion, The values of 2, obtained from these equations, 
are 

12y« 



z = 



X = 



13y«— 122 — 12^. 

12 yz 

Tyz— 12» + I2y' 

12 y 2 



5yz+12z— 12y' 
the first of which being placed equal to each of the others 
gives, by reduction, 

whence we get, from either value of z, by substitution, 
a; = 2. 

3. Solve the two equations 

7y = 2a; — 3y, 
19 « s= 60 y 4- 621^. 

Ans. X = 88f , y = 17f . 

4. Solve the three equations 

3x + 6y = l61, 
7x-j-2« = 209, 
2y 4- « = 89. 
Ans. X =i= 17, y :±= 22, 2 = 45. 

5. BoUe the three equations 

- + - = a, 

« y 

X ' Z 

- -J. - = c, 

222 

i4ii5. % = — j—T > y =^ ^ ""a^l^ ^ * ~ JL _i ^ — "• 
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Examples to be solved by Elimioation by Comparison. 

6. Solve the three equations 

2 3 1 4 

4x ^ y ^ z 72' 

6x tf^ z 36 

Ans, aj = 6, y = 9, 2 == ^. 

7. A per^n has two horses, and two saddles one of which 
cost $50, the other $2. If he places the best saddle upon 
the first horse, and the worst upon the second, then the latter 
is worth $8 less than the other ; but if he puts the worst 
saddle upon the first horse, and the best upon the other, then, 
the latter is worth 3f times as much as the first. What is 
the value of each horse 1 

Ans: The first $30, the second $70. 

8. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes f ; but 
the denominator being doubled, and the numtsrator increased 
by 2, the value becomes f? Ans. f . 

9. A wine merchant has two kinds of wine. If he mix 

3 gallons of the worst with 5 of the best, the mixture is worth 

$1 per gallon ; but, if heAnix 3^ gallons of the worst with 

8f gallons of the best. The mixture is worth $1,03^^ per 

gallon. What does each wine cost per gallon 't 

Ans. The best $1,12, the worst $0,80. 
♦ « - 

10. A wine merchant has two kinds of wine.- If he mix 

a gallons of the first with b gallons of the second, the mix- 
ture is worth c dollars ^pr gallon ; but,* if he mix a' gallons 
* of the first with b' gallons of the second, the mixture is 
worth c' dollars per gallon. What does each wine cost per 
gallon ? 



N 
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Ezamplei to 1>e solved by EUmiDatioii by CoiAparison. 

Ans. The first ^^±^)^<4+^lA£'ddlarB. 

the second ^ , ^ ^ ^/ ^ dollars. 

u' b — ab' 

11. Three masons. A, B, C, are to build a wall. A and 
Bj jointly y could buifd this wall in 12 days; B and C could 
accomplish it in 20 days ; A and C would do it in 15 days. 
What time would each take to do it alone 1 

n Ans. A requires 20, B 30, and C60 days. 

12. Three laborers are employed in a certain work. A 
and B would, together, complete it in a days ; A and C rer 
quire b days; B and C require c days. In what time 
would each accomplish it singly ? 

^ , . ^ 2abc , „ . 2abe , 

Ans. A m 7 — : days, B m - — ; = days, 

bc-^ac — ab '' bc-^-ab — ac ' 

^ 2a6c 

C m — =— J -— days. 

ab-^-ac — be ^ 

13. A cistern may be filled by three pipes, Ay B, C, By 
the pipes A and B, it cofuld be filled in 70 minutes ; by the 
pipes A and C, in 84 minutes; and by the pipes B and C, 

\ in 140 minutes. In what time would each pipe*fiil it! 

Am, A in 105, B in 21^ and C in 420 minutes. 

14. Ay Bf C play faro. In the first game A has the 
bank, B and C stake the third part of their money ,^and win. 
In the second game B has the bank, A and C stake the 
third part of their money and also win. Then C takes the 
hank, A and B stake the third part of their money and also 
win. After this third game they^lKunt their money, and 
find that they have all the same sum of 64 ducats. How* 
much had each when they began to play ? 

Ans. A had 7.5, B 63, and C 54 dacats. 
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15. Five friends, A,B,C, D, E, jointly spend $879 at an 
inn. This sum is to be paid by one of them ; but on count- 
ing the ^ollars they had in their pockets, they find that none 
of them had, alone, enough for this purpose. If, then, one 
of them is to pay it, the others must give him a part of their 
moitey. A can pay, if he receives one fourth ; B, if he 
receives one fifth ; . C, if he receives one sixth ; D, if he re- 
ceives one seventh ; and E, if he receives one eighth of the 
others' money. How much has each ? 

Ans. A 9319, B 9459, C 543, D 9599, E 9639. , 

116. Third Method of solving the Problem of art. 
106, called that of Elimination by Addition and Sub-- 
traction. 

Solution, This method is generally inapplicable to tran- 
cendental equations, but otherwise, to equations of any d^ 
gree whatever ; that is, 4t is a method which can be success- 
fully applied in all sucK cases, to eliminate one unknown 
quantity after another, until the given equations are reduced 
to one. 

In order to eliminate an unknown quantity from 
two equations which contain it^ reduce them as in arts.. 
79 a7id 88, and arrange their terms according to the 
powers of the quantity to be eliminated^ taking out 
each power as a factor from, the terms which contain 

It being now recollected that the second member of each 
of these equations is zero, it will appear evident that, .if the 
first members are divided one by the other, the remainder 
arising from this' division must likewise be equal to zero; 
for ihis remainder is *the difference between the dividend 
and a certain multiple of the divisor, that is, between zevo 
and a certain multiple of zero* 
9* 
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£limioatioii by Addition aod SuMraction. 

HencBy divide ^ne cf these first members by the other ^ 
and proceed^ as in arts, 46, 4*c., to find their greatest 
common divisor; each successive remainder mat/ be 
placed equal to zero. But a remainder will at last be 
obtained^ which does not contain the quantity to be 
eliminated ; and the equation^ form^ed from placing 
this remainder equal to zero, is the equation from 
which this quantity is eliminated. 

By eliminating, in this way, the unknown quantity 
from either of the equations which contain it, taken 
with each of the others, a number of equations t« 
formed one less than that of the given equations , and 
containing one less unknown quantity ; arid to which 
this process of elimination may be again applied until 
one equation is finally obtained. 

117. Scholium. It sometimes happens, that the first 
members have a common divisor which contain the 
given unknown quantity; and, in this case, the pro- 
cess cannot be continued beyond this divisor. 

But as the given first members are muhiples of their com- 
mon divisor, they must ,be rendered equal to zero by those 
values of the unknown quantities which render the common 
divisor equal to zero; that is, the two given equations 
are satisfied by suc)i valuel^^the unknown quantities; so 
that, though they are in appearance distinct equations, they 
are, in reality, equivalent to but one equation, to the equa- 
tion formed by placing their common divisor equal to zero. 

118. Scholium, Care must be taken that no factor 
be suppressed which may be equal to zero. 
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Examples of Elimination by Addition and Subtraction. 



EXAMPLES. 

1. Obtain one equation with one unknown quantity from 
the two equations 

X3 ^ y2 a; _ 5 — 0, 

by the elimination of x. 
Solution, Divide the first members as follows : 



+ yx2_y3 +5 
+ y^x — 5 



T 



+ ^^x — 5 



1st Rem. y x^ — y^ x- 



-y^ + 10. 



Divide the preceding divisor by this remainder after mul* 
tiplymg by ^ to render the first term divisible. 



yx^ + tf^x — 5y 



[ygg— yg X— y 5 + 10 



ya;3 — y2a;2 — y^x-^lOx\ x + y 
y2x2 + (2y3_iO)2: — 5y 



y2x2. 



y^ 



^--y4 + 10y 
' + y* — I5y. 



2d Rem. (3y3_10)x. 

Divide the preceding divisor by this remainder after mul- 
tiplying by (3y3 -«- 10) to render tbd fix st term divisible. 

y X2 _ y2 a; _ y3 _^ 10 

3y3_10 



3y 

— 101 
3y3 

— 10 



y;??^— 3y5|z— 3y6 
+ 10y2| +40y3 

— 15y- 



100 



— 4yB 

+ 25y2 

3y« 



3y3|a: + y* 
— 10| — 15y 



2f^^ 



X — 3y6 
+ 40y3 
— 10 



100 



4y6 

+25y2 

Multiply by 
(3y3_i0), 



(3y3— 10)(— 4y5+25y2)a;— 9y9+150y6— 700y3+1000 
(3y3— 10)(— 4y5-f^y^)a^---^y^+ 85ye— 375y3^ 

— 5y 9 H-6fi?« — 325y3 + 1000, 
whence the required equation is 

— 5y9 +65y« — 325y3 + 1000;= 0. 
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' 2. Obtain one equation with one unknown quantity from 
the two, equations 

x^ -{-y^ = a, 

by the elimination of x. 

Ans. (y3 — a)^ — (y** — by = 0. 

3. Obtain one equation wit)i one unknown quantity from 
the two equations 

x2+y2==2, 
x^+x^y + x2y^ + xy^ + f/^z=l, 
by the elimination of x, 

Ans, y8 _4y6^14y4_20y2^9_-0. 

4. Obtain one equation with one unknown quantity from 
the two equations 

*^ + ^y + y^ = i» 

z3+y3 = o, 
by the eliminatiori of x. 

Ans. 4y« — 6y* + 3y2 _ l = 0. 

5. Obtain one equation with one. unknown quantity from 
the two equations 

x3 -|- y x2 -|- aj -j- y = 4. 
a;3 4- ^^ + y ^ = 3, 
by the elimination of x. 

Ans. Either y — 1 = 0, 

or y2 — 3y +21 = 0. 

6. Obtain one equation with one unknown quantity from 
the three equations 

x + y + z = a. 
xz^xy -^ yz = 6, 
xyzz=zc, 
by the elimination of x and y. 

Ans, z^ — az^ '\-hz — c = 0. 
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7. Obtain one equation with one unknown quantity from 
the three equations * 

* + y + » = «> 

by the eHoiination of x and y. 

Ans, These three equations involve an impos- 
sibility unless a2 — h — 2c = 0; 
and in case this equation is satisfied by the 
given values of a, h, and c, the three given 
equations are equivalent to but two, one of them 
being superfluous, and, by the elimination of x, 
they give the indeterminate equation- with two jin- 
known quantities 

y2 -j- y 2 -j- -52 — ay — ^<|%*-|- c = 0. 

8. Obtain one equation with one unknown quantity firom 
the three equations 

y+z^^% 
z-^x^ =z 10, 
by the elimination of x and y. . 

Ans. 28 —826 + 16^4 +«— 10 = 0. 

9. Obtain one equation with one unknown quantity from 
the four equations 

a; + y + z + M = a, 
xy-\'XZ-^xu-\-yz-^yu-\'ZU=^hj 
xyz-^xyU'^xzu-^-yzu^c, 
xyzu=ze, 
by the elimination of x, y, and z. 



106 AtGEBRA. [CH. III. ^ IT. 
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19. Solve the two equations 

y x3 — x* + aj = 3, 
. 5^x(yxa + l) — x3 + (r = 6. 
iS^o/t<f ton. The elimination of z gives 

3y — 3 = 0, or y = 1; 
which, being substitated in the first of the given equations, 
produces 2 = 3. 

11. Solve the two equations 
a:2y4_8y2a;2-^16xa=90zy + 60(z— ya)— 720(y— 1), 

6 -^-T' 

Ans. X = 4, y = 2. 

12. Solve the three equations 

xyz-j-z^ =: 15, 

zya-f jcay — 2a; + 22 = a 

Ans. X = 2, y = 1, « = 3. 

119. Problem. To solve two eqiuitions of the first 
degree by Elimination by Addition and /Subtraction. 

Solution. The given equations may, as in art. 110, be 
reduced to the forms 

Ax + By + M = 0, 
A'x + B'y + M'^0. 
The process of the preceding article, being applied to 
these equations in order to eliminate x, will be found to be 
the same as to 

Multiply the first equation by A' the coefficient ofx 
in the second, multiply the second by A the coefficient 
of X in the first y and subtract the first of these pro- 
ducts from the second. 
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Thus, these products are 

AA'x + AB'y+AM' = 0; 

and the difference is 

{AB' — A B)y -^ AM! — A M ^^\ 
whence 

A'M — AM 



y = 



AB' —A B' 



In the same Vay y might have been eliminated by multi- 
plying the first equation by B'^ and the second by B, and 
the difference of these products is 

(AB' — A' B)x + B' M — B M' =^ ii\ 
whence 

BM' — B'M 



X = 



AB' — A'B' 



the values of x and y thus obtained being the same as those 
given in art. 110. 

130. Corollary. This process may be applied with 
the same facility to any equations of the first degree; 

EXAMPLES. 

1. Solve, by the preceding pfocess, the two equations 

13a; + ly — 341 = l^y + 43Jx. 
2x-fjy=l. ^ 

Ans. X == — 12, y = 50« 

2. Solve, by the preceding process, the two equations 

ix + iy = 6, 

Ans. a; = 12, y ='16i 
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3. Solve, by the preceding process, the three equatkiiifl 

aj + y + « = 30, 

27x4-9y + 32 = 64.. 

Ans. X = f , y = — 7, z = 26i. 

4. Solve, by the preceding process, the three equations 

3x— l00 = 5y + 360, 

2^x4- 200= 16i« — 610, 

2y + 3z = 548. 

Ans, X = 360, y = 124, z = 100. ? 

5. Solve, by the preceding process, the four equations 

x — dy-j-^z— lOn = 21, 

2z4-7y— z— 11 = 683, • 

3x+ y + 52+ 2m = 195, 

4i_6y — 2z-tr 9t<=516, 

ilns. - X =400, y =60, « = — 13, « = — 50. 

6. Solve, by the preceding process, the four equations 

*^ + iy + f^ = 58, 

i« + iy + i^ = 76, 

i^ + t^ + i« = 79, 

y -j- 2 + « = ^4S- 

iln*. ' X = 12, y = 30, « = 168, ti = 50. 

7. Solve, by the preceding process, the six equations 

aJ + y + 2 + *+w = 20, 

^ + y + « + ' + w' = ^> 

^ + ^+" + ' + •• = 23, 

X + 2 4- « + * 4- ««^ = ^. 

y + 2 + ii + t+w = 25- 
ilns. X = 2, y = 3, 2 = 4, ii = 5, # = 6, y = 7. 

8. A person has two large pieces of iron whose weight is 
required. It is known that f ths of the first piece weigh 
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96 lbs. lead than fths of the other piece; and that f ths of 
the other piece weigh exactly as much as f ths of the first 
How much did each of these pieces weigh ? 

Ans. The first weighed 720, the second 512 lbs. 

9. $2652 are to be divided amongst three regiments, in 
such a way, that each man of that regiment which fought 
best, shall receive $1, and the remainder is to be divided 
equally among the men of the other two regiments. Were the 
dollar adjudged to each man in the first regiment, then each 
man of the two remaining regiments would receive $J; if 
the dollar were adjudged to the second regiment, then each 
man of the other two regimenU would receive 9 ^ ; finally, 
if the ddlar were adjudged to the third regiment, each man 
of the other two regiments would receive 9^. What is the 
Bumber of men in each regiment ? 

Ans. 780 men in the firs^ 1716 in the second, 
and 2028 in the third regii^ent, 

10. To^nd three numbers such that if 6 be added to the 
first and second, the sums are to one another as 2 : 3 ; if 5 
be added to the first an4 third, the sums are as 7 : 11 ; but 
if 36 be subtracted firom«the second and third, the remain- 
ders are as 6 : 7. 

Ans. 30, 48, 50. 



10 
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Power of a Monomial. 



' CHAPTER IV. 
P&wers and Roots. 

SECTION I. 
Powers and Roots of Monomials. 

121. Problem. To find any power of a monomial. 

Solution, ^ The rule of art. 25, applied to this case, in 
which the factors are all equal, gives for the coefficient of 
the required power the same power of the given coefficient, 
and for the eiq)onent of each letter the given exponent added 
to itself as many times as there are units in the exponent of 
the required power. Hence 

liaise the coefficient of the given m>07iofniat to the 
required power; and multiply each exponent by the 
exponent of the required power. 

122. Corollary. An even power of a negative quan-? 
tity is, by art 27, positive, and an odd power is nega- 
tive. 

EXAMPLES. 

1. Find the third power o£2a^b^c. Ans. 8a^b^^c^. 

2. Find the mth power of a* . Ans. a"". 

3. Find the — wih power of tf». Ans. ar^\ 

4. Find the mth power of a-*. Ans. a-"*. 

5. Find the — mth power of cr-*. Ans, a"". 

6. Find the 6th power of the 5th power of a^ b c^. 

Ans. a»o630c6o. 
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7. Find the q\h power of the — j>th power of the mth 
.power of a-*. Ans, ce^^P^. , , 

8.. Find the rth power of a** ft—* c? d. 

Ans, €^^b-*rcpr^, 

9. Find the —3d power of cT ^b^ cr ^f^or ^. 

Ans. a^lr^c\^f-^^x^. 

a^ b^ flisft^o 

10. Find the 4th power of ^-j> Ans. 12 ^4 f4 ' 

11. Find the — 2mth power of the — 1st power of — ^^. 

12. Find the 5th power of — Sa*. ilns. — 32<|i<>. 

13. Find the 4th power of —36-3. Ans. 81 b"^. 

14. Find the 5th power of the 4th power of the 3d pow^r 
of — a. Ans. a^. 

15. Find the — 5th power of the —3d power of — a. 

Ans. — ai5. 

' 16. Find the — 4th power of the — 3d power of — y- 



a 13 
Ans. ^. 

123. To find any root of a monomiaL 

Solution. Reversing the rule of art. 121, we obtain im- 
mediately the following rule. 

Extract the required root of the coefficient ; and 
divide each exponent by the exponent of the required 
root. 



p^' 
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' FraetioDal Exponents; imaginary quantities. 

124. Corollary. The odd root of a positive quan- 
tity is, by art. 122, positive, and that of a negative 
quantity is negative. The even root of a positive 
quantity may be either positive or negative, which is 
expressed by the double sign i preceding it. But, 
^ ij'"^® ^^^ ®^®^ powers of all quantities, whether posi- 
itil^^xi^yg or negative, are nog> l i»c , the even root of a 
negative quantity can be neither a positive quantity 
nor a negative quantity, and it is, as it is called, an 
imaginary quantity. 

126. Corollary. When the exponent of a letter is 
not exactly divisible by the exponent of the root to 
be extracted, a fractional exponent is obtained, which 
may consequently bie used to represent the radical 
sign. 

1. Find the mth root of a«». Ans. , a*. 

2. Find the iwth root of a-^. Ans, ar-y^. 

3. Find th^ square root of 9a^b^f- 12 g-^^. 

Ans. d=3a2A/-&gr-4», 

08520^4 a^ b^ e 

4. Find tfie 4th root of— -j— — - . Ans. ± ^ ^^ ^ . • 

5. Find the 9th root o^ — 2^^a^^b^. Ans. —2^a^b. 

6. Find the mth root of a^« % 

Ans. flm , ^ 

7. Find the iwth root of — . ^ *—/,"" i 

<i» Ans. "S = « * 
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Calculus of Radicals. 


a 


Find the mth root of —. 


n p T t 

Ans. dT" V^ c « f ^ 


9. 


Find the 5th root of — a^. 


Ans. — a*. 


10. 


Find the square root ofa. 


Ans, cr. 


11. 


Find -the 3d root of — a. 


Ans. —a* 


12. 


Find the mth root of a. 


Ans. a". 



126. Corollary. By taking out — 1 as the factor of 
a negative quantity, of which an even root is to be 
extracted, the root of each factor may be extracted 
separately. 

EXAMPLES. 

1. Find the sqaare^oo tof— - a^. Ans. as/ — 1. 

2. Find the 4th root of —a* 6® c* Ans. a h^ c* V— 1- 

3. Find the 8th root of —a. Ans. a^ a/—1. 

■J 
- '-■ ; - 

SECTION II. 
Calculus of Radical Quantities. 

127. Most of the difficulties in the cakmlation of 
radical quantities will be found to disappear if frao^ 
tional expojients are substitute^} for the radical signs, 
and if the rules, before given for exponents, are ap^ 
plied to fractional exponents. 

In the results thus obtained, radical signs may 
again be substituted for the fractional exponents; 
10* 
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Examples io the Calculus of Radical quantities, 

butf before this substitution is made, the fractional 
eoDponents in each term should be reduced to a common 
denominator^ in order that one radical sign may be- 
sufficient for each term. 

When 7iumbers occur under the radical signj they 
should be separated into their factors, and the roots 
of these factors should be extracted as far as pos- 
sible. 

Fractional exponents greater than unity should 
often be reduced to mixed numbers. 



EXAMPLES. 
3 3 

1. Add together 7 V 54 a3 66 c3 and SA/i6a^b^c^. 
Solution, We have 

7/v/54a^ i* c3 = 7 V2T33 . «» 6* c = 7 .2* 3. a 6* c 

= 21.2*.a6^'^*c = 21.2*a66*c 

3 

= 21a6cv^6a. 
B\^l6a^h^c^=:S\/^a^b^c:±=S.2^.abK 

3 



= 3.2.2*a66iir=6a6cv'2K 
whence 

3 3 3 3 

7\/54a8 6»c«-fav/16a«66c3==21a6cV^62+6a6cV26f 

= 27a6cV262. 

2. From the sum of v^4 and \/54 subtract a/G. 

Ans. 4V6. 

3. Fromthe8umof\/45(S and \/5a^f subtract \/30<:'- 

Ans. {a — c)a/Sc. 
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4. Find the continued product of h/a^ f^h, and vc 

m 
% n % 

5. Find the «^itinued product of a \/z, h hjy^ ts/z. 

n 

Ans, abc ^x y z. 

6. Multiply cj^a by b^a, Ans, abc. 

3 4 12 7 

7. Multiply v^a by \/a. Ans. s/a!^ = a^*. 

8. Multiply \/a by Va. -4«5. a "*" == \/a«+» 

4 3 29 12 

9. Multiply V«® by V^a^. Ans. a" = a^ ^a^. 

10. Find the continued product of a*~%- a*, a~* 

21 20 

Ans. ar^ = a \/a. 

11. Multiply 6-Wfl"^ by a*6*c. 

ilw5. a^^ b *c = -v^— • 
6 6* 

^, 

12. Multiply -A_ by^. 

^ 8 

13. Multiply 3 + V5 by 2 — s/5. Ans. I — V^. 

14. Multiply 7 + 2^6 by 9 — 5^6. 

ilns. 3 — 17^/6. 

15. Multiply 13 — V5 by 7 + 3^5. 

Ans. 76 + 32^6- 
- 16. Multiply f + J V J by i — 7 \/^. 

Ans. — 8 — V Vf 
^17. Multiply — 5 — V* by — 5 + Vi- ^«5- ^24^. 
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18. Multiply 9 + 2 VlQ by 9 — 2 VIO. Ans. 41. 

19. Multiply 2^/8 + 3^/5 — 7V2 by V 727-5^/20 
— 2^2. - Ans. — 174 + 42\/10. 

21). Multiply a + \/6 by a — A^b. Ans. a* — b. 

21. Multiply \/a + V^6 by ^/a — \/6. ilns. a — 6. 

3 3 

22. Multiply i/a + c A/b by Va — c \/6. 

3 

ilns. a — c2 y^6». 

4 5 4 5 

23. Multiply A^a^ +Vb^ by \^a^ —\^b^. 

5 

Ans. a s/a — \/6*. 



24. Divide Va by s/b. 

A!ns. 






25. Divide a by s/a. Ans. \/a. 

3 

26. Divide 2ab^ c^ by 4 V^s & c^^ dT. 



Ans. 



»j- 



1/ 



3 5 



15 



27. Divide a/u^ b c by \^a b^ c^. . , a^ 



Ans. 



Jftc*' 



4 



28. Divide Jf by Jf. 4«. jj. 

m p^ ' mq — ny 

29. Divide a* by a*. ilii5.* a "« . 

30. Divide ca* by rfa^ iln*. — jg — . 

81. Divide a* 6* by a-^A^^c. . a^A/b^ 

e 

32. Divide — r by j Ans. -j . 
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128. Problem. To free an equation from radical 
quantities. 

First Method of solution. Free the equation from 
fractions, as in art. 86. 

Bring all the terms multiplied by eithei' of the 
radical quantities, whether they contain other radical 
quantities or not, to the first m^ember, and all the 
other terms to the second member of the equation. 
Raise both nembers of the equation to that power, 
which is of the same degree with the root of the radi' 
cal factor of the first member, and this radical factor 
will be made to disappear ; and by performing the 
same process on the new equation thus formed, either 
of the other radical quantiti^ may be made to disap- 
pear, and in most cases which occur in practice it will 
be found that the equation can, in this way, be freed 
from radical quantities. 



EXAMPLES. 

1. Free the iequation » 

• (a + x)^ = (6 + a;)^ — (c + x)^ 
from radical quantities. 

Solution, The square of this equation is 

hence, by transposition, 

2(6H.2)^(c + a:)*==x — a + i + c, 
the square of which is 

4(6 + z)(c + a:) = (x — a + 6H.c)2. 
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. To free an Equation from Radical quantities. 
2. Solve the equation 

m 

ts/x = a. 

3r Solve the equation 

6 (9ar— 1)* = 2 (121 2 + 4)* 
# An%, x = 1. 

4. Solve the equation 

(16-fa;2)i_x = 2. 

Ain, 2 = 3. 
6. Solve the equation 

(21+4*)i=(3 + a:)^ + (8+.*)i 

i4w5. 2=1. 

6. Free the equation 

(/7 + 22)* ==(2 — 2)* + l 
from radical quantities. 

Ans, 4x3 — 1712 +34 a; = 57. 

129. Scholium, There are cases, liowever, in which the pre- 
ceding method of solution is inapplicable on account of the 
new radical quantities which are introduced by raising the 
second member to the required power ; but in all cases the " 
following method will be found successful. 

130. Second Method of solving the problem of art. 
128. Place each of the radical quantities equal to 
some letter not before used in fhe equation^ and raise 
the equations thus formed to that power which is of 
the same degree with the root of its radical quantity^ 
and substitute in the given equation for each radi" 
eal quantity the corresponding letter. If then, each 
letter, thus introduced, is considered to represent a 
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new unknown quantity j the new equationsi^ thus form- 
ed, are of the same number with that of their unknown 
quantities ; and, since they are free from radical 
quantities^ all their unknown quantities but one can 
be eliminated by the method of art 116» 



EXAMPLES. 

1. Free the equatioo 

(x2 + X + i)i _ (a;2 _ a; + 1)^ = 1 
from radical quantities. 
Solution, Place 

y = (:r2+x + l)* - 

whence 

y3 ==x2 +a;+l, - 

2j3 = x2 — a; -f. 1 ; 
and the given equation becomes 

y — 2 = 1. 
If y and z are eliminated between these three equation's, 
the resulting equation is 

27 X* — 8 2)3 + 39 22 — 6 z + 28 = 0. 

2. Free the equation 

'(x-f22)* +(!-(. 22)* =jl. 

from radical quantities. 

Ans. 62* -f 2x9 + 14x2 _ x -}. 8 = 0. 

131. When, in an equation, the same quantity is 
affected by different radical signs, these radical signs, 
expressed by fractional exponents, may be reduced to 
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a common denominator, and, i£a letter is placed equal 
to that root of this quantity, which is of a degree 
represented by the common denominator, these dif- 
ferent radical quantities may be represented by the 
powers of this letter. 

EXAMPLES. 

1. Free the equation 

{a+x)i+A{<i+x)i+B{a+x)i+C{a+z)iyl^O 
from radical quantities. 

• Solution. This equation becomes, by reducing all its frac- 
tional exponents to the same denominator, 

whence, if we place 

y = (a + a;)A^ or yi^ =ia + x, 
we have 

or ' !^^ + Ay^+By +/C=0; 
the solution of which gives the value of ^, which, being sub- 
stituted in 

a; = yl2 — a, 
gives that of x, 

2. Free the equation 

(* + «')*+ (*+^) + (*+«»)*=« 

from radical quantities. 

Ans. From the equation 

y« + y^ + y' = d 

obtain the value of y, and^substitute it in 
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Indeterminate Coefficients. 



3. Solve the eqaatioa 

* = 3(2 

Ans. X = 358. 



(2x+13)* = 3(2x+13)*. 



4. SoWe the equation 

Ans. 2 = 5. 



SECTION III. 

Powers of Polynomials. 

132. Lemma. If a polynomial 

A + Bx + Ct^ + D3^ + J5?i:4+&c. 

is such^ as to he equal to zero independently of x, that 
is, if it is equal to zero whatever values are given to 
X, it must always be the case that 

^ = 0, 5 = 0, C = 0, Z? = 0, £ = 0, &c. ; 

that is J that the aggregate of all the coefficients ofeetch 
power of X is equal to zero, and also the aggregate of 
all the terms which do not contain x is equal to zero. 

Demonstration. Since the equation 

A + S X + C x^ + D x^ + &,c. = 

is true for every value which can be given to x, it must be 
true when we make 

2 = 0; 

in which case all the terms of the first member vanish ex- 
cept the firsthand we have 

^ = 0. 
11 
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Indeterminate Coefficients. 

This equation, being subtracted from the given equation, 
gives 

B a; -f C a;2 + Z> z3 + &c. = ; 
or, dividing by je, 

jB -f C z + Z> xa + &c. = 0; 
whence we may prove as above, that 
B = 0. 
By continuing this process, we can prove that 

c = 0, 2> = 0, jB = e, &c. 

133. Corollary. If two polynomials 

A + Bx+Cx^ + Dx^ + Ez^ + &c., 
A^^ B'x + C'x2 + D'x^ + E'x^ + &c. 

are such as to he equals independently of x, it must 
always be the case that 

A = A', B = B\ C= C, D = !>', &c. 

Demonstration. For the equation 

A + Bx + Cx^ + &,c,^ A' + B'x + C'x^+ &c. 

gives, by transposition, 

{A —A') + (5 — J5') X -f (C— CO x2 4- &c. = 0; 

whence, by the preceding lemma, . 

A — A' = 0,B — B'z^O, C— C = a, &c.; 

that is, - 

A = A', B = B', C^C, &c. 

134. Problem. To find any power of a binomial. 
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Binomial Thsorem. 

Solution, The five first powers of the binomi^ a -|~ ^» 
obtained firom multiplication, are as follqws : 

(a+ar)2 -= a^^2a' x+ x^, 

(a-f.2)^=a3 + aa2 2+ 3a x^-f x^, 

(a+x)* =a*+4a3x-f. 6a^x^+ 4a x^+ x*, 

(a+x)5 = a5-f.5a*x + 10a3xa + 10a2a;8^-5ax*+x^ 

We readily infer from the inspection of these powers, that 

The first term of any power of a binomial is the 
same power of the first term of the binomial. 

In the following terms of the power the exponent 
of the first term continually decreases by unity, where- 
as the exponent of the second term of the binomial^ 
which is unity in the secofid term of the power , con^ 
tinually increases by ufiUy. 

The coefficient of the second term of the power is 
the exponent of the power. 

Each of the preceding inductions can easily be demon- 
strated. For suppose the terms of any power of 1 -|- x', as 
the nth, to be arranged according to powers of x^ as folIoWs, 

(l + x')* = C[i] + Cf3x'+ C[3]x'9 + CWx'3 + &c. 

in which Ct^], CP3, CW, &c. denote the coefficients of the 
first, second, third, &c terms, the number at the top in 
brackets denoting the plact of the term, and the letter n at 
the bottom denoting the power to which they belong. 

Since the preceding equation is true for all the values of 
x', it must be true when we make 

X' = 0; 
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which gives 

i» = qi] = 1 ; 
whence 

Multiply this equation by «», and we have 
a«(l+x')»=:(a+aa:')«=a«+CT2]fl»a,/^eP]rf»2'2^&c.; 
and placing 



X == ax', or x' = -, 
a 



we deduce 



a - * a* * a* 

in which the inductions in regard to the exponents is obvi« 
ously generalized. 

Again, we have in the same way 

(a+x)'^i==a'^i + CPaja«-9x+C^[3]ga»--3««+&c.; 

which, multiplied by a^x, gives 

(a-f-x)" = a« -f CJ^j a^^x -f terms multiplied by z^, 
+ 1 ^z3, &c. 

But we had before 

(a+a;)« = fl« -f- C[2]a«-^a; + &c. 

Hence, by art. 133, the coefficients of x must be equal, 
and give 

that is, the coefficient of the second term of any power is 
equal to the corresponding coefficient of the preceding power 
increased by unity. 
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Binomial Theorem. 

Now it appears from'the powers already obtained, that the 
coefficient of the second term is 4 in the 4th power, 5 in the 
5th power, and therefore it must be 6 in the 6th power, 7 in 
the 7th power, d&c, and n in the nth power ; that is, 

whence ^ 

We are now to proceed to the investigation of the remain- 
ing coefficients C[3], C[4], C\P\ &c. 

If « in the preceding equation is increased by y, the 
equation becomes, retaining Cj^'i for the sake of symmetry, 
instead of n, 

{a+y+x)- = (a+y)« + Cm{a+y)-^x+Ci^] {a+y)^^x^ 

+ ^l^^ (« +y)*^ a;8 + &c. 

which, being arranged according to powers of y, gives, by 
means of the preceding inductions, 



+ qa] ti^'x + OT(fi— 1 )a*-3 ;r 
+ OTa^2a52 ^ q3l(ii— 2)a*-3 x^ 

4" ^^- + ^^ ~ 



y -f- terms 
multiplied 
byy^ y3 



But, if instead of increasing a by y^ 2 is increased by y, 
we have 

(a4.y + z)» = d» + q2Jc«»-i(aJ+y)-fq3]a»-a(x+y)3 
which, being arranged according to powers of y, becomes 

11* 
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multiplied 



+ &c. + &c. 

In these two values of (a + ^ + ^)* *^^ coefficient of y 
must, by art. 133, be equal; that is, 

= q2]a»-i^2C[3] a«-2 a; ^ 3 ew an-3 a;2 + &c. 

But, in this equation, the coefficients of x, x% d&c. mast be 
equal, or 

2CC3] = CP](n — I) , 

3q4] = C[3](n_2) 

4q53:^ec4](„_3) 

^C. &C. 



that is, 



C^[3] = 

q4i = 
era =±= 



C[2](n— 1) n(» — 1) 

2 ^ 2 

Cf (n-2) _ n(n- 1)(«-2') 

3 *~ a . 3 

CW (n — 3) n(«— 1)(«— 2) (it— 3) 



^ 



3 



d&c. 



Hence 



(fl -{- ^)" = «" + '^^^^^sj -f 



^. , n(n— 1) 

♦—I* -I i i. fl»— 



. 2 



«l3_f. 



n(n--l) (n— 2 



. . 8 ^ 2 .3.4 «^-ro^«»- 

and we aee that 
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Bioomiftl Theorem. 

If the coefficient of any term i^ multiplied by the 
exponent which the first term of the binomial has in ^ 
that term, and divided by the place of the term, the 
result is the coefficient of the next following term, 

135. Corollary, Ifx is changed into — 2; in the preceding 
formula^ it becomes 

n(n-l)(n- g) 

2.3 * -r«"^- 

the signs of every other term being reversed. 

136. Corollary, The preceding formula written in the 
reverse order of its terms must give 

(x + a)» == i* + n ax»-i 4. ^i^^^ a2 2»-2 + &c. 

whence it appears that 

The coefficients of two terms which are equally 
distant, the one from the first term, and the other 
from the last term, must be equal. 



EXAMPLES. 



ftac 
1, Find the 6th power of -^^ ^bc^d, 

BohiHon, Place x = -rr^ = 2 a5-«c, 

0* 

«nd we hare 
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Binomial Theorem. 
But^ by the above foi*mula, 

, (X_y)6 = x6_6x5y-j-15z4y2_2023y3^15a;2y4 

— 6xy^+y^; 
iu which, if we substitute the values of x and y, we have 

— i^^ab^cnd^ + ^^b^e^d^ 

-2. Find the 10th power of a + *• 
Arts. aio+JOaH + 45a86^+120ii7 63^210a«64 + 
252a5 65 + 210«4 66+120a3^'+45a2 68^10a69+6JO.- 

3. Find the 11th power of 1 — x. 

Ans, 1 — Il2: + 5522_i65z3^330a:4-.462x6 + 

462 x6 — 330 a:7 + 165 a:® — 55 29 + 11 x^o — aril. 

4. Find the 4th power of 5 — 4 a;. 

A71S, 625 — 20002 + 2400x2 — 1280 a:3 + 256x4. 

5. Find the 7th power of ^ x + 2 y. 

+ 168x2y5 -I- 224 xy6 + 128 y^. 

6. Find the 4th power of 5 a^ c^ if — 4 a bdK 

Ans. 625a8c8rf4^2000ei76c6 (^5 + 2400 a«62c4rf6 
— l2S0a^b^ c^ dT + 256a^ b^ d^ 

137. Problem. To find any power of a polynomial. 

Solution. Suppose the terms of the given polynomial to be 
arranged according t« the powers of any letter, as », as 
follows ; 

a 4- a'x -f a"x« + o^'x^ + a'^x* -f &c. 
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Polynomial Theorem. 

in which the coefficient of any power of x is represented by 
the letter a, with a number of accents denoted by the expo- 
nent of this power. 

Suppose now the required power to be the nth, and if we 
denote the aggregate of all the terms of the polynomial ex- 
cept the first by JT, we have 

X=, a'x + a"x2 + a^'x3 + a'^z* + &c.; 
and 

(a -}. a' x + a" 22 -^ &c.)» = (a + X)\ 

Now, by the preceding article, 

«(«-!) (n-2) n(»-l)(«-2)(«-3) 

^ 8.3" '^ + 3.3.4"^ 

We may now, by simple multiplication, obtain some of 
the first terms of X^^ X^y X^, &c. as follows : 

X = a'x.-^ a"x^ + a"'x^ + a'^x* + a^ x* + &c. 
a'x -+• a"^^ + a'"x^ + «*''^* ^ a^x* + *^<^- 



X2 = a'222-j_2a/a//a;8-j_2aVx*+2a'a»^|x6-f &c. 



4- a"' 



+ 2 a" a" 



a' X -\- a!' x^ -\- a'*' x^ + a»^ x* + &c. 

2:3 -. a'3x3+3a'2a"x*+aa'2 a"' Ix** + &c. 
-f-3a' a"2| 
a' X + a" x2 4- a'" x^ + &c. 

X\ = a'*x* + 4a'3a"x5+ &c. 
a' X + «" «* + ^c- 
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in which terms containing powers of x higher than the 5th 
have not heen retained. By substituting these values in 
(a 4- ^)"} And arranging the terms according to the powers 
of z, we obtain the 6 first terms of the required power as 
follows : 

(fl + a' a; + a!' x^J^al^x^-^- a»^ 2* -f- a^ x6 + &c.)» 



= (jB^ -^-ncS^—^plx-^-n 



«n— 1^// 



4-n(n — 1) ti^-^a'a" 



, » (n — 1) -, 
+ ^ 2 "^ "" 



^ • 2 

n(n-l).(n -2 )(n-3) ^. 



+ « 

+ n(«-l) 

+ n{n-\) 

I n(n — 1) («. 



2) 



w(n — 1) (w — 2) 
2 






I «(n-l)(n-2)(n^3) ^_4^,3^„ 

n(n-l)(n-2)(n-3)(n-4) 
^2.3.4.5 



If the coefficients of the different powers of x are com- 
pared with each other, we shall find that each can be ob- 
tained from the preceding term by the following process. 



x5 -j- &C. 
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Polynomial Theorem. 

Prom q given coefficient to obtain the next following 
coeffi^ent : 

Multiply each ter.m of the given coefficiefit by the 
exponent of the highest accented letter contained in 
this term^ diminish the exponent of this letter by 
unity, and then multiply the term by that letter of the 
given polynomial which has one accent more than this 
which is at present the highest accented letter of the 
term. 

Again, whenever the accents of those two let" 
ters of a term which have the greatest number of 
accents differ in number by unity, that is, whenever 
the two highest accented letters are consecutive, m^ulti" 
ply the term, by the exponent of that one of these two 
letters which has the lea^t number of accents, and 
diminish its exponent by unity ; and at the same time 
increase the exponent of the other of these two letters 
by unity, and divide the term, by the exponent thus 
increased. 

Thus the term Ta^-^lv would, if the accent e were higher 
than that of any other letter in this terra, furnish by the 
first part of this rule p ,T ai^^v—'^ ai^ + ^J for the correspond- 
ing t^rm of the succeeding coefficient. 

Also the term raMi»at« + iJ« would furnish the two 
terms q.T a[«] r aC« -f i] y - 1 a[« + «] 

and -4^, TaW i"-! a[e + i] ? + i. 

By this method of deriving each coefficient from the pre*' 
ceding one, any power of a potynomial can be written down 
with great rapidity, and the correctness of this method can 
be demonstrated independently of the inductive process. 
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Polynomial Theorem. 

For this purpose we have only to compare all the terms 
which would be obtained by the preceding rule from any 
coefficient, as that of x"*, with the terms of the succeeding 
coefficient or that of x»+^, and if these are identical, the 
rule is demonstrated. 

But it is evident that all the terms of the coefficient of x"* 
in which any letter as at^] occurs, and is the highest accent- 
ed letter, or the next but one to the highest accented letter, 
ought, if this method is correct, to give -all the terms of the 
coefficient of x^^^, in which a[« + ^J is the highest accented 
letter, and no other such terms. 

Now, to demon«trate that this is the case, take Y and Z 
such that 

r = a + a' X + a" «» + &c. + aW %• + aC^+i] ^^-x^ 

Z= a[« + 2]a:« + 2-|- «[« + 3] x« + 3 -|- &c. 
Hence, by art. 134, 

(a + a' X + df x* + &c.)» = (F+ Z)» 

= F» + »F«-iZ+&c,; 
so that all the terms of 

r«4.„ F«-i^-f &c. • 

except those of F» are tnultiplied by one at least of the terms 
of JZT, that is, by some letter the number of whose accents is 
more than [e -j- I]. But we are, at present, considering 
only those terms in which either «f®J or a[® + *] is the high- 
est accented letter, and therefore we may omit all the terms 
except those of F". ' 

If we again take Y' and Z' such that 

F' = a 4- a'x + &c. + aC«^i]x«-i, 
and Z' = «[•] x«+ a[« + ^3 x« + 1* 

we have 

Y^Y'-^Z'x 



\ 
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Polynomial Theorem. 

and, by art. 134, using N^^\ iVW, &a to denote the isticces- 
sive coefficients of the nth power of a biliomial, 

any terra of which, such as iV^*) F'»— *^'*, will furnish 
terms multiplied by d.^^ and al^+^I ^when the valtte» of Y' 
and Z' are substituted in it. 

But we have, by the binomial theorem, using 1F^\ H^, 
&c. to denote the saccessive coefficients of the hth power of 
a binomial, 

' Z'" = (aWx* -f a[o+i] jB«+i)* • 

any term of which nmy be denoted by 

Hip) a[e] A— 1» a[e + 1] P xeA-hp^ 

and the succeeding term would be 

Suppose, now, the value of Y' to be substituted in 
jy^iA) jrra— *^ ^nd the result to be arranged according to 
powers of x ; and denote the coefficient of any power' of x, 
such as X*, by S, so that any term of iV^*) y/«— a naay be de- 
noted by Sx: 

The value of iV(*)F'«-* Z'* is, then, obtained by mul- 
tiplying each term of Z'^ by each term of iVW y/n— a 

Thus the term of iV^*) F'»-* Z'*, obtained from the 
multiplication of the first term, of Z'\ that is, al^l^ a;**, by 
any term, as ^S^x*, of iVW F'*^*, is 

and if the term Sx* iaso taken that 

12 



134 ALGEBRA. [CH. IV, <$> III. 

Polynomial Theorem, 
this term becomes 

The product of\ the second term of Z'^, that is, , 
jHr(i)a[e]A-ia[e] + i]x^* + i 
multiplied by the same term Sx', is 

Hence, if there is a term of iV^W y'»— * vfhich, multi- 
plied by the first term of ^'*, gives a term multiplied by x», 
it miift, when multiplied by the second term o£Z'\ give a 
term multiplied by x'^+\ But if the rule be applied to the 
term multiplied by x^, that is, to 

iSfaW*x« 
it gives 

which is the same as the above term multiplied by x»" + ^, or 

JEra) ^ a[«] *- 1 at« + ^ x« + 1 ; 

because we- have, by the binomial theorem, 
ITd) = A. 
Again, the product of any term of Z' *, as 

H^> ai^'^^—P- ai^ + ^'iP x^^ + P, 
multiplied by the term S x^, is 

and the product of the following term of Z'* hj 8x' is 

If, now, jS^x* is so taken, that 

eh-\'P'\-s=^my 
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Polynomial Theorem, 
these terms become 

and 

i/(i' + i)^aW*-i»-i aCe + ilf + ixm + i. 

Hence, ^f thefe is a term of Z^.^ which, multiplied by 
Sif^ gives a term multiplied by x"», the succeeding term of 
Z'^ must, when multiplied by Si^j give a term multi- 
plied by Sx^-^^. But. if the rule be applied to the term 
multiplied by x"», it gives first a term multiplied by at® + 2]^ 
which is not one of the terms now under consideration, and 
also the term 

p+1 

which is the same as the above term multiplied by x*"+^, 
because we have, by the binomial theorem, 

jr(P+i)=^|jar(p). 

It therefore appears, that when this method of deducing 
the coefficients is applied to the terms of the coefficient of 
x™, all the terms of t|ie coefficfent of x"* + 1, which contain 
al^ + i] as their highest accented letter, are obtained, and no 
other such terms are obtained ; in other words, the' applica- 
tion of this method to the terms of the coefficient of x^ gives 
all the terms of the coefficient of a;«+i, and no other terms. 

138. Corollary. If the successive coefficients had been 
represented by the successive letters of the alphabet, as a, h, 
c, &c., the preceding rule and demonstration would have 
been just as applicable by changing the words " highest ac- 
cented letter " into '' letter farthest advanced in the alpha- 
bet." 



13$ 



ai:«g$;biu» 



[CH. I7.J^I|X. 



Polyopmial Theorem. 



1^9. Corollary, If x is put e^ual to unity io the value of 

- we have the value of 

(a J^ k' + a" 4- &c.)V 

So that any power of a polynomial, the terms of 
which contain no common letter, is readily found by 
multiplying the successive terms, after the first, respec- 
tively by ar, :r2, 3^3^ -2^4^ ^c., obtaining the power of 
the polynomial thus formed, and putting 

x=\ 
in the result/ 



EXAMPLES. 

1. Find the 5th power of 1 + 2x -f 3x^ + 42^. 

Solution, Represent the successive coefficients I, 2, 3, 
and 4 by a, a\ a^\ and a'", so that 

a== I, a'^2, a';=^3, a'''==:4; 

and the given polynomial becomes 

a-\'a'x -\.a"x^ + a'" x^. 

Tb<e iiiU) power of this polynomial is then found by the 
rule to be 

7^ 



a5a.5a*a'x+ haf^a" 



4r 20 a8 a'' a'" 
J^Z^a^ a'^a'" 
-I- 30 fl* a' a" 2 
--20a«'3 a" 



a;2+ ^a^a'^* (x3 + 20 a^ «'«/// 
4- 20a3a'a'4 4-J0a3a''2 
-fl0«2a'3 I 4-30a2a'2a'^ 

--80 a* a^'2 a'A 

-■.60<ia'2«"a'" 
--20 a a' a" 3 

- - 5 a' * a''' 
--10 0^3 a"^ 



jc5-|-10a3 a'" 2 
-- 61) a^ «'«''«"' 
-- 10 a2 a"3 
--20 a a' 3 a"' 
--30aa'2 a"^ 
-- 5 a'* a" 
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30 a2 d' d'l^ 
30aa'2 a!"^ 
Gd aa! a'i^ a"' 

. 20 a' 3 a" a'" 
10a'2a''3 

30a' a"2a'"a 



ir8 + 



10 a2 a" 2 


x^^ 


60 aa'a"a'''^ 




20 a a" 3 a''' 




10 a' 3 a''' 2 




30a'2a//2a/'/ 




5a'a''^ 





20 a a' a"' a 
30 a a'' 2 a''' 2 
30 a' 2 a'' a'''2 

-{-20 of a"^ of" 



ajio 



+ 20 a' a" a'" 3 
4- 10 a" 3 fl/// 2 



rl2 



t 



10 a" 2 a'" 3 



cl3 



+ 6Na" a'" 4 xi4 + a'" 5 ^is. 

Now, if we substitute for a, a', of', d" their values, the 
preceding expression becomes 

(1+ 2a; + 322 + 423)6 = 1 +.IO2 + 6522 +220x3 
+ 690 2* + 177225 + 3670 2« + 7.040 2^ + 
10245 28 + I88IO2 9 + 17203 210 + 16660 2II + 
I328O212 + 8320213 + 3840214 ^ I024^xi5. 

2. Find the third power of a + 6 2 + c 22. 

Am. a3 + 3 a2 6 2 + 3 a2 c|22 -^^ahc 



+ 3a2c 
+ 3a62 



t 



+ 63 



3ac2|24+ 36c2 26 + c3 2e. 

3 62 c 



3. Find the 6th power of a + 6 + c. 

An$, a6 + 6 flS 6 + 6 a5 c + 15 a4 62 + 30 a* 6 c + 
20 a3 63 + 15 a* c2 + 60 a3 62 c + 15 a^ 6* + 
60 a3 6 c2 + 60 flS 63 c + 6 a 65 + 20 a3 c3 + 
90 flS 69 > + 30 a 64 c + 6« + 60 a2 6 c3 + 
60 a 63 c2 + 6 6S c + 15 a2 c4 + 60 a 69 c3 + 
15 64 c2 + 30 a 6 c4 + 20 63 c3 + 6 dc^ + 
15 62 c4 + 6 6 c5 + c«. 

12* 
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' Root of a Polynomial. 

4. Find the 4th power of a^ — a'^x ^ a x^ -^ xz^ 
Ans. flia _ 4 oil a; ^ iq aio »« — 5M) «» x3 + 31 ^8 ,4 
_ 40 a'f z5 ^ 44 o6 a;6 _ 40 ^5 ^t ^ 31 «4 2$ 
— 20 a3 x9 -f 10 a2 x^ _, 4 ^ ^n ^x^, 

SECTION IV. 
Roots of Polynomials. 

140. Problem, To find any root of a polynomial 

Solution, Let the root to be found be the nth, and let the 
polynomial be represented by P, the terms of P being ar- 
ranged according to powers of either of its letters, as x ; 
and let R be the required root arranged according to the 
powers of the same letter. 

Let Q represent the term of R which contains the high- 
est power of Xy and R^^) the remaining terms of JR ; tod we 
have 

and, by the binomial theorem, 

P = jR» = (Q + 22a))« 

= Q» +„ Q»- 1/2(1)+ dtc. 
Now it is evident, from inspection, that the term of the 
second member of this equation which contains the highest 
power of X is Q« \ and, therefore, Q" must be equal to the 
term of P, which contains the highest power of x ; so that 
if the term of P which contains the highest power of x is 
represented by 0> and the remaining terms of P by P(')> we 
have . 

Q- ^ O, 
and 
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Root of a PolyaomiftL 

that is, the terpi of the required root which contains 
the highest power of x, is fomid by extracting the 
root of the corresponding term of the given polyno^ 
mial. 

We also have 

p ^o-i^p^^y 

«» .Q« + » <?*-i 220) 4. &.C. ; 

whence 

P(i) = P—0 = P—€i^ 

= n Q»-i jR<i> + &c. 

and it is evident that the first term of 

P(i) 
is the same with the first term of 

SO that, if we divide the first term of 

pel) 

by 

r n Q^-\ 

the quotient must be the first term of , 

that is, the second term of the root. 

Hence, to obtain the second term of the root, raise 
the first term, of the root to the power denoted by the 
exponent of the root, and subtract the result from the 
given polynomial, bringing down only the first term 
of the remainder for a dividend. 

Also raise the first* term of the f^t to the power 
denoted by the exponent one less than that of the rootf 
and multiply this power by the expon^t of the. root 
for a divisor. 
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Root of a Polynomial. 

Divide the dividend by the di^sor, and the quo- 
tient is the second term of the root. 

If now we denote the root already found by S, and the 
remaining terms of the root by T, we have 

JR = ^+ T 

and p ^ ^n -1 „ ^n-i y ^ ^c. 

and it is evident that the first term of 

P — Sn^ 

is the same with theHrst term of 

so that, if we divide the first term of 

P— ^» 
by the first term of 

the quotient must be the first term of T or the next term 
of the root. 

But since the first term of S is the first term of the root or 
Q, the first term of 

is, by the binomial theorem, 

Q«-l. 

so that the first term of . , 

is nQ^-^, 

the same with the divisor used for obtaining the second term 
of thd root. 
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Root of a Polynomial. 

Hefice, when the first terms of the required root^ 
are found, the next term is fmind ; by raising the 
root already found to the power denoted by the expo- 
nent of the required root ; subtracting this power 
from, the given polynomial, and dividing the first 
term of the remainder by the divisor used for .ob- 
taining the second term. 

This divisor, then, being once obtained, is to be 
used in each successive division, the successive divi- 
dends being the first terms of the sv^essive remain^ 
ders. 

EXAMPLES. 

1. Find the 4th root of 81 z^ — 216 x'^ + 336 x» — 
66x*— 224 23 4-161 + 1. 

Solution, The operation is as follows, in whick the root is 
written at the left of the given power, and the divisor at the 
left of each dividend or remainder ; and only the first term 
of each remainder is brought down. 
81 z8— 216x7+336 25— 66 x4_224 23+16 x+l 1 3r2— 2i^— 5 
81 28 .p Q i_. 



Ist Rem. —.21627 | 108 26 = 4 X (32S)3 

8128 — 21627+21626 — 9625+1624 = (322—22)* 

2d Rem. —216x6 | 108x6 

8128—216x7+33625— 5624— 22423+162+1= (3x2-22-2)^ 
3d Rem. 0. '^ 

2. Find the 3d root of a^ + Sa^ b + Sa^c + 3a 6^ 
+ 6a6c + 3ac2+63+3 62c + 8&ca + c3. 

Ans. a-\-b -^ c. 
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Root of- a Polynomial. 

3. Find the 3d root of a^ + 6 aS 6 — 3 a^ c -|- 12 a62 

— I2a6c + 3ac« +Sb^ — I2b^ c + 6b c^ — cK 

Ans. a + 2 6 — e, 

4. Find the 3d root of 343 x^ — 441 x^ y + 777 x* y^ 

— 531x3 y 3^ 444 a;2 ^4 -|- 144 x y » + 64 ij^. 

Ans. 7x2 — 3xy + 4J5^2. 

5. Find the 4th root of 81 a* — 540 a^ b — 72a^ c 
+ 1350 a^ 62 ^ 360'a2 be +2^a2 c^ — 1500 a fta _ 
600 a 62 c — 80 a 6 c2 _ ^2 a c3 + 625 6* + ^^^ 63 c 

4- 2^0 62 c2 -f. ^ 6 C3 + ^ C*. 

-4n5. 3a — 56 — fc. 

6. Find the 5th root of 16807 a^^ 6^ — ^^SL^ a^ 6* 4- 
u^ a6 53 _ 24^0 a^^i c — 2^6 a* ^2 _ ^p ^2 ^e g 

-|-^^a26 + 2456* c — -^V + ^-^^ «"^ *® ^^— ¥ «~^^* « 

— 9f a-4 6S c2 4. ^!^ a-4 53 ^ + t^ a-e 6^ c2 + 
2f^^o a-8 611 c3 — f a-8 66 c2 — ^ a-10 6i<^ «« -j" 
f^a~i2 69 c3 + ^ a-14 613 c4 _ l^.a-16 612 c* + 

iln5. 7 a2 6 — J + § a-^h^ c. 

7. Find the 9th root o{y^T+^7y^ + 324^23 +22685^21 
+ 10206 yi9 + 30618 y 17 _^ 61236 yi^ + 78732 y i3 + 
69049 yii + 19683 y^. 

iln5. y3^3y. 

141. Corollary. When the preceding method is applied 
to the extraction oi the square^root, it admits of some modi^ 
fications which shorten the labor of calculation. We have, 
in this case, ^ 

n = 2, n — 1 = 1; 
P= (iSr+ TY = iSf2 +2^ 2'+,T2, 

P— .^2 =:2iSr T'+'T2j 
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Square Root of a PolyDomial. 

SO that the first term of T must be equal to the first term of 
P — S^y divided by the first term of 2 ^; and, calling this 
term 'V, the next remainder must be 

p_(^-j-T)2 = R — S^ —2S 'T—'T^ 

= P — S2 — {2S+'T) T; 

that is, this new remainder is equal to the preceding remain- 
der P — S^ diminished by {2 S+'T)'T. 

Hence we have the following rule. 

To extract the square root of a given polynomial. 

Arrange its terms according to the powers of some 
letter J extract the square root of the first term for the 
first term of the root. 

Double the part of the root thus found for a divisor^ 
subtract the square of this part of the root fr6m 
the given polynomial^ and divide the first term, of the 
remainder by the divisor ; the quotient is the second 
term of the root. 

Double the terms of the root already found for a 
new divisor ; subtract from the preceding remainder 
the product of the last term of the root multiplied by 
the preceding divisor augmented by the last term of 
the loot. Divide the first term, of this new rem^in^ 
der by the first term of the corresponding divisor j 
and the quotient is the next term of the root. 

ProQeed in the same way, to find the other terms of 
the root. 

EXAMPLES. f 

1. Find the square root of x^ + 4 z* + 20 x^ _ 16 x 
+ 16. 
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Square Root of a Polynomial. 



Solution, In the following: soiution, the arrangement is 
similar to that in the example of the preceding article. 



a:6 ^ 42;5 _^20«2_ 16x + 16 



4 x5 + 20-2;2 . 

4x5-1. 4a;4' 



16X + 16 



— 4x4 + 20x2— 16X + 16 

— 4x4— 8x3+4x2 



8x3+16x2— 16X + 16 
8x3 + 16x2— 16x+ 16 



23 + 2x2— 2x + 4. ^n5. 

2x3 

2 x3 + 4 x2 

2 x3 + 4 x2 — 4 X 



0. 

2. Find the square root of 25 a* — 30 «» 6 + 49 ia[2 62 
— 24a63 + 16 6* Arts. 5 a^ — 3 aft + 462. 

3. Find the square root of, 4x6 + 12 x» +5x* — 2x3 
+ 7-3:2 _2x+ 1. Arts. 2x3 +32;2 _ ^ + 1, 

4. Find the square root of a* — 2 a* x + 3 02 aj2 _ 
2 ax3 + X*. Ans, «2 — « » + ^2. 

5. Find the square root of f + 6 x — 17 x2 _ 28 x^ + 
49 X*. An&.^ ^ + 2x — 7x2. 

142. Corollary, Since any number, expressed by two or 
more figures-, may be considered as composed of a certain 
number of units, tens, hundreds, &/C. added together, it may 
' be divided into portions separated by the sign +, and thus 
become a polynomial ; and to this polynomial the rules for 
extracting the roots of polynomials may be applied with 
some changes, as in the following example : • 
Find the fourth root of 79502005521. 
Solution. Since we have 
1* = 1, 
10* = 10000, 
100* = 10000 0000, 
1000* = 10000 0000 0000, 
6lc. 



CH. IV. <^ ly.] ROOTS or :rox.T£roHiALs. 145 

Roots of Numben. 

it is evident that the fourth power of an integer between 
1 and 10 cannot consist of more than four figures; that the 
.fourth power of an integer between 10 and 100 must con* 
sist of more than 4 figures, and less than 8 ; that the fourth 
power of an integer between 100 and 1000 must eoQsist of 
more than 8, and less than 12 figures, and so on. If, there- 
fore, the given number is separated into portions of 4 figures 
beginning with the place of units, we can easilj see, of how 
many figures its root must consist. This separation is thus 
effected by inserting periodst which is called dividing th$ 
number into periods, 

795.0200.5521 ; 

whence it appears that the required root must consist of 
three integral places. 

Moreover, the given number is more than 

(500)* = 625.0000.0000, 
and less than ^ 

(600)* = 1296.000a0000 ; 

its root must, therefore, be b<stween 500 and 600 ; and the 
first figure on the left of the root must be 5, or we may con- 
sider the first term of the root as 500, and the other terms 
are obtained by the application of the rule as follows ; 

795.0200.55211500 + 30 + 1 = 531. Ans. 
(500)4=625.0000.0000 

1st Rem* 170.0200.5521|500000000=4x(500)3=Divisor, 
(530)* =r 789.0481 .0000 
3d Rem. &.9719.5521|500000000 
(531)* = 795.0200.5521 
3d Rem. 

13 
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- Roots of Numbers. 

Bat as the only object is to obtain the saccessire figures 
of the root, it is unnecessary to use so many cyphers, and the 
process may be thus written, more briefly, 

795.0200.5521 1 531 
5* =625 



1st Rem. = 1700+1500 =;: 4 X 5^ = Divisor. 
(53)* == 789.0481 



2d Rem. = 55.97 + 1 595,-}- = 4 X (5,3) ^ 
(531)* = 795.0200.5521 

3d Rem. = 0. 

This method may be applied to any other case, and gives 
the following rule* 

To find any root of a given number. 

Point off the number into periods beginning with 
the place of units ^ each period containing the number 
of placed denoted by the exponent of the power. 

Find the greatest integral power contained in the 
left hand period ; and the root of this power is the 
left hand figure of the root 

Raise the figure thus found of the root to the power, 
whose exponent is less by one than that of the required 
root, and multiply this power by the exponent of the 
root ; this product is the divisor. 

Raise the part of the root already found to the 
power denoted by the exponent of the root, subfyuvpt 
this power from the left hand period of the given 
number, bringing down the first figure of the next 
period for the remainder. 
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Roots of Nambere. 

Divide this remainder by the dimsor, and the quo- 
tient is usually the next figure of the root; but not 
always, for sometimes the quotient is one, two^ or even 
mx>re units larger than the next figure, and in this 
case the next figure is to he found by trial. 

Raise the part of the root thus found to the power 
denoted by the exponent of the root, subtract this 
power from the two left hand periods of the given 
number y and write down only one place farther ad- 
vanced of the remainder than there- was in the preced- 
ing remainder. 

Proceed in this way to find the remaining figures 
of the root, writing dovm in each case one place more 
of the remainder than was written in the preceding 
remainder. But it is more accurate to use a divisor 
obtained from the two first figures of the root, the sec- 
ond figure being regarded as a decimal place. 

The secoiid divisor was thas found in the last process. 

• 143. Corollary. The same method may be applied 
to decimal numbers, taking, care to begin the division 
into periods with the decimal point. 



^ EXAMPXES. 

1. Find the 3d root of 75686967. Ans. 423. 

2. Find the 3d root of 128787625. Ans. 505. 

3. Find the 3d root df 20548344701. Ans. 5901. 

4. Find the 3d root of 512768384064. Ans. 8004. 

5. Find the 3d root of 524581674,625. Ans. 806,5. 

6. Find the 3d root of 1003,003001. Ans. 10,01. 

7. Find the 3d root of 0,756056031. Ans. 0,911. 
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Bm>t8 of Fractiont. 

8. Finfd the 3d root of 0,000008442951. Aa$. 0^151. 

9. Find the 5th root of 418227203051. Ans. 211. 

10. Find the 4th root of 75450765,3376. Ans. 93^ 

11. Find the 5th root of 0,000016850581551. Ans. 0,111. 

12. Find the 4th root of 2526,88187761. Ans. 7,09. 

144. Corollary. The roots of fractions can be found 
by reducing them to their lowest terms, and extract- 
ing the roots of their numerators and denominators 
separately. 

The roots of mixed numbers can be found by re- 
ducing them to improper fractions. 

XXAMPIiVS. 

1. Find the 3d root of |{. Ans. |. 

2. Find the 3d root of Jf^f. Ans, Jf. 

3. Find the 3d root of ^^. , Ans. ^. 

4. Find the 3d root of 6|^j^ Ans. l|f. ' 

5. Find the 4th root of 3|f. Ans. 1^. 

, 145. Corollary. We obtain, in the same way, from the 
rule for the extraction of the square root the following role. 

To extract the square root of a number^ divide it 
into periods of two figures eachy beginning with the 
pUice of units. 

Find the greatest square contained in the left hand 
period^ and its root is the. left, hand figure of the re- 
quired root. 

Subtract the square of the root thus found from the 
left hand period^ tmd to the remainder bring down 
the second period fir a dividend. 
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. • Square Root of Numbers^ 

Double the root for a divisor; and the quotient of 
the dividend exclusive of its right hand figure ^ divided 
by the divisor, is the next figure of the required root; 
which figure is also to be placed at the right of the 
divisor. 

Multiply the divisor , thus augmented, Jby the last 
figure of the root, subtract the product from the divi- 
dend, and to the remainder bring down the next period 
for a riew dividend. 

Double^ tfie root now, found for a new divisor and 
continue the operation as before^ until all the periods 
are bro%^/U down. 



EXAMPLES. 



1. Find the square root of 28111204. 
Solution, The ope|^tion is as follows : 



28.11.12.04. 
25 



5902 »« Afis. 



1st Rem. 311 1 103 Isl Diriior. 
3091 



2d Rem. 212 I 106 2d Divisor. 



3d Rem. 21204 ] 10602 3d Divisor. 
212041 



4th Rem. 0. 

2. Find the square root of 61009. Ans, 247. 

3. Find the square root of 57199969. . Ans. 7663. 

4. Find the square root of 1607448649. . Ans. 40093. 

5. Find the square root of 483Q3584,$dQ6084. 

Ans. 6060,078. 
••13*- ■' 
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Roots of Numben ezpMBflcd io Decimals. 

6w Fkid the squara root of 0,000266. itiis. 0,016. 

7. Find the square root of f^. Am. -ff . 

8» Find the square root of 1(. Am, 1^. 

146. Corollary. When there is any remainder after 
the processes of arts. 142 and 145, it shows that the 
given numbers are not Qxact powers ; so that the roots 
obtained, instead of being the roots of the numbers 
themselves, are those of the greatest squares con- 
tained in the numbers. 

« 

Bui iy ike Oftnexing of cjfp?ier8 io ihe righiof ihe 
given number^ decimal places may be obiained hi ihe 
rootj and ihe roots thus found tvill differ less and 
less from the required root. 



EXAMPLES. 

1. Find the 3d root of 1345 to two places of decimals. 
Solution. The operation is as Mows: 

1.345,000.000 1 11,03 + Am. 

1 

313 



1331 



1|3,6 
1331,000 

14 1 3,6 
1341,919727 

3,060273 Remainder. 
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R4iot8 of Numben expressed in DediBftb. 

2. Find the square root of 5 to 3 places of decimals. 

Ans. 2,236+. 

3. Find the square root of 101 to 3 places of decimals. 

Ans. 10,049+. 

4. Find the square root of 9,6 to 3 places of decimals. 

Ans. 3,098+. 

5. Find the square root of 0,003 to 5 places of decimals. 

Ans. 0,05477+. 

6. Find the 3d root of 12 to 3 places of decimals. 

Ans. 2,289 +. 

7. Find the 3d root of 28,25 to 3 places of decimals. 

Ans. 3,045 +. 

147. Corollary. The roots of Tulgar fractions and 
mixed aumbers may in the same way be computed in 
decimals by first reducing them to decimals, 



.EXAMPLES. 

1. Find the square root of -j^ to 4 places of decimals. 

Ans. 0,2425+. 

2. Find the square root of -ji^ to 3 places of decimals. 

AHs. 0,645+. 

3. Find the square root of If to 2 places of decimals. 

Ans. 1,32+. 

4. Find the .square root of 11 1^ to 3 places of decimals. 

Ans. 3,418+. 

5. Find the 3d root of f to 3 places of decimals. 

Ans. 0,873 +. 

6. Find tlie 3d m>t of f to 3 places of decimals. 

Ans. 0>941+. : 
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A Fraction is not the Root'Of an Integer. 

7. Find thedd root of 15f to 3 places <^ decimals* 

Ans. 2,502+. 

148. Scholium, It might be thought that, though a given 
integer has no e^c^ct integral root, it still may have an exact 
fractional root, which is not'obtained by the preceding pro- 
cess. 

But this is readily shown to be impossible, for suppose 
the fractional root, when reduced to its lowest terms^ to be 
A 
B' 
the nth power of this root is 
^" 

since A and B have no common divlior, and since evory 
prime number which divides A^ must divide A, and evcary 
prime number which divides B* must divide jB, it follows 
that there is no prime number which divides both A* and 
j^, and, therefore. A" afnd B^ have no common divisor ;' so 
that the fraction 

\ A^ 

is already .reduced to its lowest terms, and cannot be an 



integer.. . . 




:: 


. [ SECTION V. 




Binomial £q^atibns. 



\ 



149., Dejiftdti^n. When an eqnatiofi ^ith Okie' un- 
known^ tg[ti&ntity -is reduced to a series of monomials, 
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Soltttioo of BiDomial Equations. 

and all its terms which contain the unknowh quan- 
tity are multiplied by the same power of the unknown 
quantity, it may be represented by the general form ^ 

and may be called a, binomial equation. 

150. Problem. To solve a binomial eqtiaiUm. 
Solution. Suppose the given equation to be 
Ax* + M=0. 
Transposing M and dividing by Ay we have 

9*** — — MM- — — 

* - il' 

the ntb root of which is 

'" ^^' 
Hence, find the value of the power cf the unknown 
quantity which is contained in the given equation^ 
precisely as if this power were itself the unknown 
quantity ; and the given equations are of the' first de- 
gree* Extract that root of the result which is denoted 
by the index of the power. 

151. Corollary, Ekjuations containing two or more un- 
known quantities will often, bj elimination, conduct to bino* 
mial equations. 

EXAMPLES. 

1. Solve the two equations 

*y^ + 2!y^ — 4j^— ^« + 16 = 0, 
• xay7 _ 4y7 _ 4 a:y3 .(.8^34. 32 2 — 64 = 0. 
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Examples of Binomial Equations. 

' ■ — — - — ^ 

Solution. The eUminatioa of ^ between these two equa- 
tions, by the process of art. 116, gives 

8 22 _ 32 = 0, 

whence we have 

22 = 4, 

a; = -t 2. 
Now the value of 2, 

2 = +^, 

being substituted in the first of the giron equations, pro- 
duces 

4y7 — 4y3 -_ 0; 

which is satisfied by the value of y, 

y = 0; 
or if we divide by Ay^/we have 

y*-l=0, 
y* = I, 

, 4 

y = VI = ± 1 or == rtV— 1* as will be 
shown when we treat of the theory of equations. 
Again, the value of 2, 

.2 = — 2, , 
being substituted in the first of the given equations, pro- 
duces 

_ 4^3 + 32=0, 
whence we have 

y =2or = — 1 ±\/— 3, 
as will be shown in the theory of equations. 
2. Solve the equation 

3 22 + 3 2 = 22-4. 2 i + 18.- 

Ans. 2 = i:8. • 
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Examples of Binomial Equations. 



- 3. Soire the eqaation 

2a; — 7 _ x+ 1 
x—i ~ 2x+7' 

Ans. aj= :±: 4. ' 

4. Solve the equation 

' , 1 26 , 

Ans X =z S. 

5. Solve the equation 

x^ + x+S x^ + x-S 
a;3 -f 4 "^ 23 _ 4 — *• 

Ans: X = i 2 

6. Solve the equation 

V(2i + 2) ^ +1. 

Ans, a; = rfc 1. 

7. Solve the equation 

V(«^— 81:8 + 1)= 1. '« 

ilni. a; = 0, or a? =s i 3. 

8. Solve the two equations 

3 5 

^ -4n5. a; =3 \/ (a -j- 6), y = ^ (a — 6). 

9. Solve the two equations 

y6 _ 33y3 ^ X* -^ 17 a;2 = 0, 
y« + 17y3 + X* — 33 22 = 0. 

Ans. a; = 0) and y = ; 
or a; = db 5, and y = 2. 

10. What number is it, whose half multiplied by its third 
part, gives 864? Ans. 72. 
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EzaiQples of Binomial £qaatiooa. 

11. What number is it, whose 7th and 8th parts multi- 
plied together, and the product divided by 3, gives the quoe 
tient 298f ? . Ans. 224. 

12. Find a number such, that if we first add to it 94, then 
subtract it from 94, and multiply the sum thus obtained by 
the difference, the product is 8512. Ans. 18. 

13. Find a number such, that if we first add it to a, then 
subtract it from a, and multiply the sum by the difference, 
the product is b, Ans. tn/ (a* — 6). 

14. Find a number such, that if we first add it to a, then 
subtract a from it, and multiply the sum by the difference, 
the product is 6. Ans. \/ (a* + 6). 

15. What two numbers are they whose product is 750, 
and, quotient 3^ ? Ans. 50 and 15. 

16. What two numbers are they whose product is a, and 

quotient 6? . ^ , j ^« 

^ -4.115. V a and v-. 

6 

17. What two numbers are they, the sum of whose squares 
is 13001, and the difference of whose squares is 1449 ? 

Ans. 85 and 76. 

18. What two numbers are they, the sum of whose squares 
is a, and the difference of whose squares is 6 ? 

Ans. \/^ (a -|- h) and nj ^{a — 6). 

19. What two numbers are to one another as 3 to 4, the 
sum of whose squares is 324900? Ans. 342 and 456. 

20. What two numbers are as m to n, the sum of whose 

squares is a? ^ mtsJ a . nnJ a 

Ans. ., ^ . — -- and ^ 



1 



21. What two numbers are as m to », the difference of 

whose squares is a? . mnj a , mJ a 

Ans. ,, 7 -T and 



^(«ia— »2) ^(w^ — »*)* 
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Examples of Biaomial Equations. 

22. A certain capital is let at 4 per cent. ; if we multiply 
the number of dollars in the capital, by the number of dol- 
lars in the interest for 5 months, we obtain 117041f. What 
b the capital ? Ans. $2650. 

23. A person has three kinds of goods, which together 
cost $5525. The pound of each article costs as many dol- 
lars as there are pounds of that article; but he has one 
third more of the second kind than he has of the first, and 
3^ times as much of the third as he has of the second. 
How many pounds has he of each? 

Ans. 15 pounds of the first, 20 of the second, 
and 70 of the third. 

24. Find three numbers -such, that the product of the 
first and second is 6, that of the first and third is 10, and 
the sum of the squares of the second and third is 34. 

Ans. 2, 3, 5. 

25. Find three numbers] such, that the product of the 
first and second is a, that of the first and third is 6, and 
that of the second and third is c. 

. .ab ,ac , ,bc 

Ans, V — , v-r"» ^^^ V — • 

CO a r. ' 

26. What number is it, whose third part, multiplied by its f . . 
square, gives 1944 ? Ans. 18. . *!j^^ 

27. What number is it, whose half, third, and fourth^ ,' 
maltiplied together, and the product increased by 32, gives l '^^^ 
4640? Ans. 43. V^ ' 

28. What number is that, |th of whose foqrth power di- / 
▼ided by it, and 167 subtracted from the quotient, gives the ; 
remainder ^^OOOf ^^^, ^^^ Ans.- llj: 14 :. 

29. Some merchants engage in business ; each contributes 
a thousand times as many dollars „ as there are partners. 

13 



// 
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Cases of imaginary Solutions. 

They gain in this business $2560 ; i^nd it is found that this 
gain is exactly half their own number per cent. How m^py 
marchants are there ? Ans. 8. 

30. Find three numbers such, that the square of the first 
multiplied by the second is 112; the square of the second 
multiplied by the third is 588 ; and the square of the third 
multiplied by the first is 576. Ans. 4, 7, 12. 

152. Corollary, When the solution of a problem 
gives for either of its unknown quantities only imagi- 
nary values^ the problem must be impossible. 

EXAMPLE. 

In what case would the value of the unknown quantity in 
example 13 of art. 151 be imaginary ? and why should the 
problem in this case be impossible ? 

Ans. When b > a^^ 
that is, when the product of the sum and differ- 
ence is required to be greater than the square of a. 
Now if the required number is x, this product is 

(a + 2) (a — 2) = a* — xa ; 
and, therefore, less than a^. 
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CHAPTER V. 
Equations of the Second Degree. 

153. It may easily be shown, as in arC. 89, that 
any eqtuition of the second degree with one unknown 
quantity^ may be reduced to the form 

Ax^ + JSa; + M = 0, 
in which Ax^ denotes the aggregate of all the terms 
multiplied by the second power of the unknown 
quantity, Bx denotes all the terms multiplied by 
the unknown quantity itself, and M denotes all the 
terms which do not contain the unknown quantity. 

164. Problem. To solve an equation of the second 
degree 'with one unknown qtumtity. 

Solution. Having reduced the given equation to the form 
ilaja + jBx + Jlf=0, 
^ we couM easily reduce it to an equation of the first degree, 
by extracting its square root, if the first member were a 
perfect square. 

But this cannot be the case, unless the first term is a per- 
fect square; the equation can, however, always be brought to 
a form in which its first term is a perfect square, by multi- 
plying it by some quantity which will render the coefficient of 
die first term a periS^ct' square, multiplying by this co^ieieiit 
itself, for instance ; thus the given equation multiplied by A 

becomes 

A^x^ + ABx + AM=0. 
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Now that the equation is in this form, we can readily 
ascertain whether its first member is a perfect square, by 
attempting to extract its root, as follows : 

A^x^+ABx + AM\Ax + J J5. Root. 
A^x^ - ' 



ABx+AM 



^Ax 



AM—iB^ Rem. 
80 that the first member is a perfect square only when the 
remainder is zero, that is, 

ilJ/— ijB2=0; 
and, in every other case, 

Ax + iB 
is the root of the square which differs from it by this re- 
mainder, that is, 

'A^x^+ABx+AM=={Ax+iBy + AM—iB^ = 0;; 
or, transposing AM — i B^, we have 

{Ax + iB)^ =:iB^ — AM. 
Now the square root of this last equation is 

Ax + iB = ±V{iB^ — AM), 
which, solved as an equation of the first degree, gives 
^ _ -iB±V{iB2-AM) 
"" - A . 

__ —B±:^/{B^—AAM) 
^ 24 ' 

in which either of the two signs -|- or — , may be used in 
the double sign =1=1 and we thus have the two roots of the 
given equation 

_ —B'\'^/{B^ — ^AM) 
*^ ^A ' 
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and 

_ —B^\^{B^ — 4AM) 

"^ 2^A ' • 

The equation 

(il 2 + iBY = iB^ —AM, 
which is the same as 

A^x^ + ABx + iB^ = IB^ —AM, 
is obtained immediately from the equation 

A^ x^ + A B X.+ A M =: 0, 
hf tram^sing A M- to the sfscond^ member, and adcUng 
^B^ to both members. Hence 

To solve an equation of the second degree with one 
unknown qimntity. 

Reduce it as in arts, 85 and 88, transposing aU the 
terms which contain the unknown quantity to the first 
member^ and the other terms to the second fnember. 

Mvitiply the equation by any quantity , (the least is 
to be preferred,) tahich will render the coefficiefit of 
the second power of the unknown quantity an exact 
square. 

Add to this equation the square of the quotient^ ari- 
sing from the division of the coefficient of the first 
power of its unknown quantity, by twice the sqtmre 
root of the coefficient of the second power of its i|n- 
known quantity. 

Extract the square root of the eqtuition thus aug- 
mented, and the result is an equation ofjAe first de- 
gree, to be solved as in art. 90. 

154. Corollary. When we have 

B^ — 4AM 
13* 
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a negative quantity, that is, 

B^<AAM, 
the roots of the given equation are imaginary. 

EXAMPLES. 

1. Solve the equation 

48 165 ^ 



2 + 3 x+lO 
Solution. This equation, reduced as in arts. 85 and 88, is 
5z2_52x-|- 135 = 0; 
which, multiplied by 5, becomes 

25a;2_260x = — 675. 
Completing the square, we have 

25x2 — 260 a; + 676 = 676 — 675 = 1, 

the square root of which is 

5x — 26=z±^l; 

hence a: = |(26 ifc 1) = 5f or = 5. 

2. Solve the equation 

^/{^x + 7)+^/{Sx—lS)=.^/{7x+l). 

Solution. This equation, being freed from radical signs, 
as in art. 128, becomes 

5a;» — 27« — 162 = 0; 
the roots of which are 

a; = 9, or a; = — 3f . 

3. Solve the two equations 
(,.+6)y+I6(«-4)=?!z:^|±ii-. 
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Solution. If we proceed to eliminate y between these two 
equations, by the process of art. 116, the remainder of the 
first division is 

(a;2_aa; ^ 5) 3^2_ ( iq x2_6o x -f 50)y+24 ««— 144 «+120, 

in which 

xZ — 6x + 5 

is a factor of each of the coefficients of 5^, and tf^, and of 
the terms which do not contain y. 

Before suppressing this factor, we must see whether, as 
in art. 1 18, it may not be equal to zero, in which . case we 
have 

22— 6z + 5 = 0, 
the roots of which are 

z =: 5, and x = 1 
Now if the value 

z=5 , 
is substituted in the given equations, each of them becomes 

which is satisfied, by the value 

or, dividing by y, we have 

the roots of which are, 

y = 2, and y = 3. 
But if the value 

X=zl 

is substituted in the given equations, each of them becomes 

y^ — 5y2 +6y = 0, 
which is the same as the preceding equation, and gires 
therefore the same values of y. 
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Having thus obtained all the roots of the giveir equation 
eorresponding to - , 

x2 — 6 X + 6 = 0, 
we may omit this factor of the abore remainder, and it be* 
comes 

y? — lOy + 24; 

and as this does not contain x, it is unnecessary to proceed 
farther in the elimination of y, but we may obtain the roots 
of the equation 

y2_10y + 24 = 0, 

which are 

* < y = 4, and y = e, 

and substitute them in the given equation to obtain the cor- 
responding values of x. 
Thus, if the value 

y = 6 ' 
is substituted in the given equations, each of them becomes 

5x2 — 48x+61 = 0, 
the j'oots of which are 

a; = i(24±Vni). 
But if the value 

y = 4 
is substituted in the given equations, each of them becomes 

»— 2 = 0, 
whence 

x= 2. 

Tlie answer, therefore, is 

X = 6, or = 1 , in either of which cases, y = 0, or = 2, or = 3 ; 

orx=-J(24±VJ^71),in which case, y=6; 

orx = 2, in which case, y= 4. 
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4. Solve the equation 

xa + 82:=:209. 

Ans, X = 11, or — 19. 

5. Solve the equation 

4x2_9x = 5x2_255j_8z. 

Ans, X = 15J, or = — 16J. 

6. Solve the equation 

X ___ 7 
x+60 " 3x — 5' 

^ns. X = 14, or = — 16. 

7. Solve the equation 

8x ^ 20 

" o == -— . 



^ 
8. Solve the equation 



x + 2 3x 

Ans. X = 10, or = — J. 



2x + 3 2x 



10 — X 25 — 3x ^ 

Ans, X = 13§f , or == 8. 

9. Solve the equation 

3/v/(ll2 — 8x) = 19 + V(3x + 7). 

-4715. X = 6, or = 11,8368. 

10. Solve the two equations 

2x + 3y = 118, 
6x2 _ 7^2 ^ 4333. 

Ans. ^ X = 35, and 5^ = 16, 
or ' X = — 229yV, and y = 192/1^. 

11. Solve the two equations 

x2 — y 2 + 9 = 0, 
y2 ar2 _ y3 aj -|- 144 y — 540 = 0. 
Ans, y = 6, and x = 3; 

or y = 10, and x = 9, or = 1. 
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12. Solve the three equations 

xy2 = 105, 
^ + y + « = 7, 
y^ + a^ y — 7 y — a: + 22 = 0. 

^ns. a: = 15, y = — 1, Jt = — 7 ; 

or x = 15, y = — 7, 2 = -— 1 ; 

or X = 7, y = +\/15, « = — ^/16; 

or X = 7, y = — \/^5, z = -|-\/15. 

13. What two numbers are they, whose sum is 32, and 
product 240? Ans. 12 and 20. 

14. What two numbers are they, whose sum is a, and 
product 6? 

Ans. ia + V(i a^ — h), and J a — \/(i a^ — h). 

In what case would the values of these unknown quanti- 
ties be imaginary ? 

Ans. When we have 

that is, 6 > (J a)^ i 
that is, the product of two numbers cannot be 
greater than the square of half their sum. 

15. What two numbers are they, whose difference is 5, 
and product 24 ? & ^ 

{ - '- A./, 'r ^^s- m a^d 3 ; or — 3 and — §. 

16. What two numbers are they, whose difference is a, 
and product 6? 

Ans. ^a^A/(b + ia2), and — Ja±\/(i + i«*)- 

17. Find a number, whose square exceeds it by 306. 

Ans. 18, or — 17. 

18. A person being asked his age, answered, ' My mother 
was 20 years old when I was born, and her age multiplied 
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by mine, exceeds our united ages by 2500/ What was his 
age ? Ans. 42. 

19. A person buys some pieces of cloth, at equal prices, 
fi>r $60. Had he got three more pieces for the same sum, 
each piece would have cost him $1 less. How many pieces 
did he buy! w „/ - ^c Ans. 12. 

20. A person dies, leaving children, and a fortune of 
946800, which, by the will, id to be divided equally amongst 
them. It happens, however, that immediately after the 
death of the father, two of his children also die. If, in 
consequence of this, each remaining child receives 91950 
more than it was entitled to by the will, how many children 
were there? ^ ' ' , , w a ^ ' " Ans. 8. 

21. Twenty persons, men and women, spent 948 at an 
inn ; the men 924, and the women the same sum. Now, 
on inspecting the bill, it is found that the men have to pay 
91 each more than the women. How many men, therefore, 
were there in the company ? Ans* 8. 

22. What two numbers are they, whose sum is 41, and 
the sum of whose squares is 901 ? Ans, 15 and 2^. 

23. What two numbers are they, whose sum is a, and the 
sum of whose squares is 5 ? 

Ans. ia-{-i\^{2b — a^), and ja_^V(26 — a^). 

In what case would the values of thesi unknown quanti- 
ties be imaginary ? 

Ans. When we have 

a» > 2 6 ; 

that is, the square of the sum of two numbers can- 
not be greater than twice the sum of their squares. 
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24. What two numbers are they, whose difference is 8, 
and the sum of whose squares is 544 ? 

Ans. 12 and 20 ; or — 12 and —20. 

25. What two .numbers are they, whose difference is «, 
and the sum of whose squares is^b 1 

Ans. ^a±:i^/2b — a2, and — ^a±i\/26 — a*. 
In what case would the values of these unknown quantities 
be imaginary ? 

Ans. When we have 
a2 > 2 6; 
tliat is, the square of the difference of two num* 
bers cannot be greater than twice the sum of their 
squares. 

26. Divide the number 39 into two parts, such that the 
sum of their cubes may be 17199. Ans* 15 and 24. 

27. A person being asked about his yearly income, an- 
swered, ' My income is such, that if I add $1578 to it, and 
also subtract $142 from it, and extract the cube roots of the 
numbers thus obtained, the difference between the roots is 
10.' What was his income ? Ans, $150. 

88. Find two numbers, whose difference added to. the 
difference of their squares, makes 150, and whose sum added 
to the sum of their squares^ is 330. 

Ans. The one is 15, or — 16 ; 
I the other is 9, or — 10. 

29. What two numbers are they, whose sum,* proddct^ 
and difference of their squares, are all equal to each other t 
Ans. i(3db\/5), and i(l=b\/5). 

W. Find a number consisting of three digits, such, that 
the sum of the squares of the digits, without considering 
their position, may be 104 ; but the square of the middle 
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digit exceeds twice the product of the other two by 4 ; 
farther, if 594 be subtracted from the number sought, the 
three digits are Inverted. Ans, 862. 

155. Corollary. The preceiing method is not only 
applicable to equations of the second degree, but to 
all equations of the form 

ilar^" + Bar" + ilf = 0, 

in which there are two terms multiplied by different 
powers of Xj the highest exponent being the double of 
the lowest; and n may be either integral or frac- 
CionaL 

EXAMPLES. 

1. Solve the equation 

Solution. If the square ts completed, as in the preceding 
Aticle, and the square root extracted, the result id 

(torn which we obtain, by art. 150, 

» 2. Solve the equation 

x* _ 74 a;2 = — 1225. 

Ans* X = ± 5, OK « ± 7. 
S. Solve the equation 

3x« +42x»=t3321. 



3 

Ans% X =3 3, or = — ^ /v/4L 



15 



170 UiOKBIU. [cH. y. 

Examples of Quadratic Equations higher than the Second Degree. 

4. Solve the eqaation 

4 

5\/a; — Vic = 6. 

Ans, X = 16, or 81 . 

5. Solve the equation 

(x + 12)* + (x.+ 12) * = 6. 

Ans. z = 4, or 69. 

6. Solve the equation 

« + 16 — 7 (x + 16)* = 10 — 4 (x + 16)* 
Ans. X = 9, or — 12. 

7. Solve the equation 

X* — x = 2x* 

Ans. X = 0, or 1, or 4, 

8. Solve the equation 

x3— ^* = 56. 

Ans. X = 4, or (— 7) ^^ 



X* + X * = 766. 



9. Solve the equation 

Ans. x = 243, or (—28)* 

10. Solve the equation 

{x2 4* 6)2 _ 4 x* = 160. 

Ans. X = 3, or \/ — 16. 

11. What two numbers are they, whose product is 265, 
and the sum of whose squares is 614? 

Ans. 16 and 17, or — 16 and — 17. 

12^ What two numbers are they, whose product is a, . and 
the sum of whose squares is 6. 

Ans. ±s^[ib + s/(ih^ — a^)], 
and i V[i 6 — V (i 6* — «')]• 
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13. What number exceeds its square root bj 20. 

An$. 25. 

14. What number is it, the- excess of whose square above 
its square root is equal to 56 divided by the number 1 

3 

Ans. 4 or — /v/49. 

156. There are equations of higher degrees, which 
can be reduced to equations of the second degree by 
introducing other unknown quantities'instead of those 
contained in them. Thus if the same algebraic ex- 
pression is involved in different ways, it will often be 
found successful to consider this expression as the 
unknown quantity. 

EXAMPLES. 

1. Solve the two equations 

(x2— 235^)3^-(a;2_23y)2 + (x2_23y)(a^2y)«.18, 

(a:«-23y)2 + (a;— 2y) = 7. 

Solution, Consider 

(22— 23y), and (x — 25^), 
as the unknown quantities, making 
x' = x2_23y, 
y=x — 2y; 
and the equations become 

' x'3 + x'2 + a/y = 18, 

x'2-fy/ = 7. 

Hence, by the elimination of y, wa have 
x'2-f7x' = 18, 
and, therefore, 

X' = 2, or = — 9 ; 
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and the cQrrefponding values of y' are 

j^' = 3, or = — 74; 
that 18^ 

a;2 _ 23y = 2, or = — 9, 
X — 2y = 3, or = — 74. 
The solution of these equations gives 

X = 5, y = 1 ; 
or, x = 6i,y=lj; 
or, x = i(23d=\/14001), y = i(319i:\/14001)- 

2. Solve the equation 

^ns. X = 10, or — 2. 

3. Solve the two equations 

(^ + y) + (^ + y)* = i2 

a;3 -I- y3 = 189. 
ilns. X = 5, or = 4 ; y = 4, or = 5. 

157. Corollary. When there are two unknown 
quantities which enter symmetrically into the given 
equation, the solution is often simplified by substitut- 
ing for them two other unknown quantities, one of 
which is their product and the other their sum. 



EXAMPLES. 

1. Find two numbers whose sum is 5, and the sum of 
whose fifth powers is 275. 

Solution. Let the numbers be x and y, represent their 
product by p, and we ha?e 

X + y = 5, 

x» + y* = 275. 
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* . - - n 

Bat we also hav^ 

(a;-|-y)6=:a;6^53;4y-|_10a;3y2j|«10a;«y3^5ajy4_|^y6 

= z5+y5+5a:y(23-|,y3)^iOa;2y2(aj^y). 
and 

= 125 — 15 II. 
Hence 

(2+y)8=275+5p(125— 16ii) + 10|>ax5=:5»; 
or, by reduction, 

p2_25|l=a— 114, 

|i= 19, or = 6;. 
and 

' « == 2, or = 3, or = i (5 db V— 51), 
y = 3, or=: 2, or = i(5 =F V— 61). 
2. Solve the two equations 

(x-y)(x»-y»)=^7, 

(* + y)(»»-l-y«) = H5. 

Solution. These equations become, by develofmieDt, 
x3 _ 22 y — « y2 + y3 = 7, 
a;3 + x2 y + a>ya + ya == 175; 
and, by the substitution of 

a; + y = s, 

they still farther become. 



s^ — kip^ 7, 



/ ^c ^U^d^^^. 



176. 

If we eliminate p, we have 

s3 = 343, 
16* • 
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whence 

and this value gives^ by substitution, 

343 _ Up == 175, 

2> = 12. o 

Hence x =?= 3, or « 4 ; 

^ = 4, or =^3. 

3. Solve the two equations 

2 + y + a;2 ^ y2 «: 12. 

Ahs. a: = 2^or = i(— 3db\/21); 
y^2,or = i(— 3=F\/21). 

4. Solve the two equations 

x» + y8 = 189, - 

Ans, ' a; xs 4, or ss= 6 ; 
y =s 5, or s 4. 

5. Solve the two equations 

a:a + y2^5, 

Ans. X = dr 2, or = ± 1 ; 
y == ± 1, or = ± 2. 

6. Solve the two equations 

x2 y + X y» == 6,' 
x«y2 + xay3*= 12. 

il»5. X = 1, or =^2; 
y = a; or » 1. 

7. Solve the two equations 

4xyi=96 — x^y*, 
x + y = 6. 

ilrt5. X = 2, or 4, or 3 ill V2I ; 
y=^4»or2»or3=^\/21. 
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-, ■■ 4 r- 

8. Find two numbers such, that their sum and product 
may together be 34, and the sum of their squares may ex- 
ceed the sum of the numbers themselves by 42. 

Ans, 4 and 6 ; 

or j(_ll-f ^—59), andi(— 11— V— 59). 

9. What two numbers are they, whose sum is 3, and the 
sum of whose fourth powers is 17? 

Ans. 2 and 1 ; 

or i(3 + V— 65), andi(3— V— 56). 

10. What two numbers are they, whose product is 3, and 
the Bom of whose fourth powers is 82? 

Ans. ± 1, and ±3; 

or dbV — 1, and =F\/-^^' 

168. Corollary, In many cases, in which two un- 
known quantities enter into the given equations 
symmetrically except in regard to their signSi the 
solution is simplified by substituting ' for them two 
other unknown quantities, one of which is their dif- 
ference, and the other is their sum or their product. 



EXAMPLES. 

1. Sohe the two equations 

(x-y)(x2+y2)==13, 
(x — y) X y = 6. , 

Sbbiiian. These equations become, by the substitntioii of 
X — y » ^ 

l(|a + 2p>=13. 
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By the elitnination of p, we have 
/« = 1, 

^ = 1; 

whence we find 

p = 6, 
and 

a; = 3, or =i— 2; 

y_=2, or = — 3. 

2. Solve the two equations 

x^+y^ = 91 (x — y). 

Solution, These equations become, by the substitution of 
' X + 1/ = s, 

x — y=:t; 

Str=::7, 
:j(s3 4-3st2) =:9U. 

Hence, by the elimination of t, we have ^ 

5*— 2401 = 0, 
and 

5 =r V2401 = ± 7, or = db 7 V— 1 ; 
< == ± 1, or = =F \/ — !• 
X = ±4, or = dr 3/v/ — 1; 
y = zh3, or = ±:4V— 1. 

3. Solve the two equations 

X3_y3 = 7, 

. (z^+!f^){z — 2f) — {x — if)xy=zS. 

Ans» X = 2, or =85 — i ; 
y=l,or = — 2. 

4. Solve the two equations 

aj3 _ y5 = 216, 

«2 + xy + y« = 43. 

4««. » = 6, or.= — 1 ;, 
y = 1> or = — W > 
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5. Solve the two equations 

x3 y _ a;2y2 ^ ajy3 -- 156, 
xy{x^''y^) — 2fy^ (x — y) + {x — y^ = 157. 
Ans. 2 = 4, or = _3, or = i( IdrV— 51); 
y =3, or = + 4, or = J (— 4 db\/— 51);' 

or ? = d=iV(— *l57^±2V(624 + i57*))*+78i, 

y = ±iV(-l57^db2/v/(624 + T57*))*-78|. 

6. What two numbers aie they« whose difference is \y 
and the difference of whose third powers is 7 ? 

Ans. 1 and 2, or — 2 and — 1. 

7. What two nnnfibers" are they, whose difference is 3» 
and the sum of whose fourth powers is 257 1 . 

Ans, 4 and 1 , or — 4 and — 1, 
orJ(i/v/(-79) + 3)andi(=bV(— 79) — 3). 

159. When the first member of one of the equa- 
tions, reduced as in art. 88, is homogeneous in regard 
to two unknown quantities, the solution is often sim- 
plified by substituting for the two^ unknown quanti- 
ties, two other unknown quantities, one of which is 
their quotient. 

The same method of simplification can also be 
employed when such a homogeneous equation is 
readily obtained from the given equations. . 



EXAMPLES* 

1. Solve the two equations 

a;2 — 6a;y -|-8y« = 0, 
«V + 6xy2+8y34.(z— 2y)(ya — 5y + 4)=0. 
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^(o/utioR. Retaining the unknown quantity y, introduce 
instead of z, the unknown quantity q\ such that 

or 2 = gr y ; 
from which the given equations become 

^2 y2 _ 6 g y2 ^ 8 y2 = Q, 

Both these equations are satisfied by the value of y, 

y =±0, 
whence z = g y = 0. 

But if we divide the first«of these equations by y^, and the 
second by y, we have 

g2_6g + 8 = 0, 

the first of which gives 

y = 2, or = 4. 
The value of q, 

.2 = 2. 

being substituted in the other equation, reduces the first 
member to zero, and therefore t/ is indeterminate ; that is, 
X and y may have any values whatever, with the limitation 
that X is the double of y. ^ 

The value of g, - 

g = i, 

being substituted in the other equation, gives 
2(y2_5y + 4) = 0. 

whence y = 1, or = 4, 

and I = 4, or = 16. 

2. Solve the two equations 

x^ -f- x3 y2 = 5^ 

X* -j-^^y* =66. 
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iS!o/ti/toii.* 13 times the first equation, dimiaished by the 
second equation, is 

12 xs -(- 13z3y2 — 4xy^= 0; 

and, if we make 

x = qy, 
we have 

\2q^ y^ + 13g3y6 —iqy^ = 0._ 
Which is satisfied by the value of y\ 

and this value of y, being substituted in the given equations, 
produces , 

x^ =5, 

i»=65; 
which are evident impossibilities; and therefore the value 
y =: is impossible. 

Dividing, then, by y*, we have 

12g» + 13y3 _4g — 0; 
which is satisfied by the value of q^ 

g = 0; 
or dividing by g, we have ' 

12g4 + 13g2_4=:0, 
whence 

J? = ± J, or g = db V — *• 
Now the first of the given equations becomes, by the sub- 
stitution of 

hence, by the substitution of the above values of g, we have 
^ = 00, x = OXoo=^ = indeterminate ; 
or y = db 2, 05 = 1 ; 

or y = d:Vf XV— 3, x=:V12JXV^ = \/«). 
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3. Solve the two equations * 

Ans, X = 0, and y = ; 

or X = 2, and y == 3 ; 

'or x = — l|i, andy = .-2f; 

or X = — 3^, and y = 4f ; 

or X = f , and y = — 1 ; • 

or X = 4^ (— 5d: V— 5), and y = 1 ± V— * r 
or X = ± ^ \/ — 6, and y = 1. 

4. Solve the two equations 

x3 +2xy2 =3, 
xy2+2xay = 3. 

' ^n5. X = 1, and y = 1. 

5. What two numbers are they, twice the sum of whose 
squares is 5 times their product, and the sum of whose sixth 
powers is 65. Arts, 2 and I, or — ^ i^ and — 1. 

6. What two numbers are they, the difference of whose 
Hfirth powers is 65, and the square of the sum of whose 
squares is 169. Ans. ± 2, and ± 3, 
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Forai of any Equation. 



CHAPTER VL 

General Theory of Eqiiaiions. 

SECTION 1. 
Composition of Equations. 

160. Any equation of the nth degree, with one un- 
known quantity, when reduced as in art. §0, may be 
represented by the form 

Aaf" + Bx^-^ + Ca^-^ + &c. + M z= 0. 
If this equation is divided by ii, and the coefficients 
— , —, &c., -J- represented by a, 6, &c., m, it is reduced to 

161. Theorem,. If any root of the equaiion 

f 5 denoted by x', the first member of this equation is 
divisible by x — x'. 

Demonstration. Denote x — z' by zC^l, that is, 

xm = X — x', 
or X = x' + xW. 

If this value of x is substituted, in the given 'equation, if 
F xiy^ is used to denote all the terms multiplied by li'^'^, or 

16 
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Form of any Equation. 

by any power of x^^, and Q used fo denote the remabing 
terms, the equation becomes 

Now the given equation is, by hypothesis, satisfied by the 
value of jc, 

z = x', 

or xW=0; 

by which the preceding equation is reduced to 
Q = 0. 

The terms not multiplied by xi^\ or a power of xl^\ must, 
therefore, cancel each other ; and the first member of the 
given equation becomes 

which is divisible by xl^l^ or its equal x — x\ 

162. CoroUary. If the equation 

x« -f- a X*— ^ + &C. = 
is divided by x — x', the first term of the quotientds x*— *; 
and if the coefficients of x"^^, x*-*^, &c. in the quotient 
are denoted by a', h\ &c., the quotient is 

aj»-i -|- a! x*-2 4- 6' x»-3 + &c. ; 
and the equation is 

{x — x') (x«-i + a'x»-2 + 6'x«-3 + &c.) = 0; 
which is satisfied either by the value of x, 

x'=±= x', 
or by the roots of the equation 

x*-! -j-a'x»-2_j_ 6'x«-3_j_&c. = 0. 

If now xf' is one of the roots of this last equation, we may 
liave in the same way 

x«->+a'x«-2^&,c. = (x— x")(a^-H«"«*""^+^<^-)'^» 
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Number of the Roots of aa Equation. 

and the given equation becomes 

{z —X') (2: — x") («*-» + a" a*-3 ^ &e;) =5 ; 
which is satisfied by the value of xf', 

X = x".; 
so that X*' is a root of the given equation. 

By proceeding in this way to find the roots ar''', 
x^, &c., the given equation may be reduced to the 
form 

(x — a/) {x—x") (x—x"'') {fl?~ar»0 *to. zz 0, 

in which the number of factors x — x*, x — x'^j &c. 
is the same with the degree n of the given equation ; 
and, therefore, the number of roots of an equation is 
denoted by the degree of the equation ; that is, an equa- 
tion of the third degree has three roots, one of the 
fourth degree has four roots, &c, 

163. SehoKum, Some of the roots x', xf'^ x'*'^ &c. are often 
equal to each other, and In this case the number of unequal 
roots is less than the degree of the equation. Thus the 
number of unequal roots of the equation of the 9th degree, 

is but three, namely, 7, — 4, and 1, and yet it is to be re- 
garded as having 9 roots, one equal to 7, three equal to — r4, 
and five equal to 1. 

164. Corollary. The equation 

or" = a 
would appear to have but one root, that is, 

X = v^; 
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Imaginary Roots. 

but it must, by the preceding reasoning, have n roots, 
or rather, the nth root ^ a must have n different 
values. ^ 

EXAMPLES. 

1. Find the two roots of the e<|uation 

Ans, 2 = 1, or = — 1. 

% Find the three roots of the equation 
23 == 1. 

Solution, Since one root of this equation is 
x=l, 
the equation 

2» — 1 = 
must be divisible by x — 1, and we have 

x^ — l = {z—l){x^ + X'^l)^0. 
Now the roots of the equation 

z* + X -^- 1 = 
are 

X = J (— 1 + V — 3), and = J (- 1 - V— 3). 
Hence the required roots are 

x= l\ = J (—1 +V— 3), and = J (— 1 — V— 3). 
3. Find the four roots of the equation 

X* = 1. 
Solution, The square root of this equation is 
xa = + 1, or = — 1 ; - 
80 that the required roots are 

« = 1, = — 1, = a/ — 1, and z= — j^— 1. 
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Imaginary Roots. 

4. Find the five roots of the equation 
«6 = 1. 

Solution, Since one root of this equation is 
x = l, 
the equation 

a:« — 1=0 

must be divisible hjx — 1, and we have 

!«» — l = (x— l)(x* + ifc3+a:a+a;+ 1) = 0. 
Now the roots of the equation 

z^ + x^ +xs +x + l=0 
can be found by the following peculiar process. 
Divide by x^, and we have 

If we make 

,1 

we have 

.•,» = ,» +2+1. 

and i?kw-- 

x»+l=y»_2; 

which, being substituted in the preceding equation, gives 

. . y»+y — 1 = 0; 

tl^e roots of which are 

y = i (— 1 + VS). and = i (— 1 — ^/6)., 
But the values of x deduced from the equation 

y=^» + -. 

or 

»8— yx = — 1, 

16* 
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Solution of Equations of a pecaliar Form. 
are 

in which y, being substituted, gives 

x = i[-l-V5±V(- 10 + 2^/5)], 
and = i [— 1 — V 5 =t V (— 10 — 2 s/^)\ 

6. Find the six roots of the equation 



^»5. « = !, = — l,==^(—lzt\/— 3), ■ 
and\^'i(l±^/-3).^ 
We might proceed in the same way to higher equations, 
such as the 8th, 9th, ISth^ &c. ; but, since much more 
simple solutions are given by the aid of trigonometry, this 
subject will be postponed to a more advanced part of the 
course. 

166. Corollary, Before proceeding farther, we may 
remark that the method of solution used in the last 
example of the preceding article may be applied to 
any equation of an even degree, in which the succes- 
sive coefficients of the different powers of x are the 
same, whether the equ?ition is arranged according to 
the ascending or according to the descending powers 
of 1?, as is the case in the following equation. 
Aa^"" + B 5r«*-^ + Car^*-* + &c. 

EXAMPLES. 

1. Solve the equation 

Ax^ + Bx^ + Cx^+Bx^A — 0. 
Solution, Divide by x^, and we have 
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Solution of Equations of a peculiar Form. 

and, if we make 





, 1 


we have 


, 




*' + ^ = y'-2. 


and 




f 


Ay'-^,Bi/+C — 2A = 0; 


the roots of which are 



which are to he suhstituted in the vaYaes of x, 

deduced from the equation 

,1 

2. Solve the equation 

x^ -^^x^ —7x^ +6x^ — 7x^ + Zx + l ^0. 
Soltition, Divide by z^, and we have 

and if we make 



we have 

J 

X 



''+72'=y'-^> 



»''+^=y»-3(* + ^)=y-8y; 
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Values of Coefficients in Equatioxis. 
and the equation becomes, by substitution, 

The roots of this equation are ^ 

y = 0, =2, and = — 6 ; 
and, therefore, the values of x are 

« = ±\/— 1, = 1, or =J(_6±V21). 

3. Solve the equation 

a;8 ^ 2 26 — 6 z* + 2 a;2 + 1 = 0. 
Ans. 2 = db 1, or = ± J\/2 (2 ±: s/— l). 

4. Solve the equation 

2 X* — 3 23 — a:2 -. S X + 2 = 0. 
Ans. 2=^2,or=i, or==i(— IdbV— 3)- 

166. Corollary, It follows, from art. 163, that an equation 
of the second degree has two roots, both of which are given 
by the process of art. 154 ; . and if the equation is reduced to 
the form 

x2 + a 2 + 6 = 0, 
and the roots denoted by 2' and x", we have 

x^ + ax + fc = (2 — 2') (2 — x") = 0. 
But the product (2 — x') (2 — x'') being arranged according 
to powers of x, is 

x2 — (x'-f x'')2 + x'x"; 
which being compared with its equal 

X* -f- a X -}- ^, 
gives 

_(x' + x") = fl, 

x' X" = 6 ; 
that is, the coefScient of x is the negative of the sum 
of the roots of equation, and the term which does not 
contain x is the product of the roots. 
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Values of Coefficients in Equations. 

167. Corollary, If the roots of the general equation of 
the third degree 

x3 -f- a x2 -|- 6 x + c = 

are denoted by 

x', x\ x'\ 
we have 

But the product 

{x—.x') (x — x'») (x — x'") 
is, when arranged according to powers of x, 
x^ — {z''{'X"-^x"')x^-\-{x'x" + x'x"''{'X"x"')x—x'x"x"'; 
whence, by comparison with the given equation, we have 

a = — (x' + X" 4- x'"), 

h =x' x" + x' x'" -f x" x'", 

c = -r— x' x" x'" ; 

that is, Ihe coefficient of .r^ is the negative of the 
sum of the roots, the coefficient of a: is the sum of the 
products of the roots multiplied together two and two, 
and the term which does not contain x is the nega- 
tive of the continued product of the roots. 

168. Corollary. It may be shown in the same way 
that, in the equation 

. x» + a x»-i + h x«-2 _|_ c a^-^3 -f &c. = 0, 
the coefficient of x^-'^ is the negative of the sum of the 
roots ; the coefficient of x^"^ is the swm of the products 
of the roots multiplied together two^ and two ; the co- 
efficient ofx^^^ is the negative of the sum of the pro- 
ducts of the roots multiplied together three and three; 
and so on, the last term being the product of the roots 
when n is even, and the negative of this product when 
n is odd. 
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All the Roots of an Equation dimimahed by the game Quantity. 

SECTION II. 
* Transformation of Equations. 

169. Problem. To transform a given equation into 
another in which the roots are all dim,i?iished by the 
same quantity. 

Solution. Let the given equation be 

2» + ax«-i + 62'»-2 + &c. -|- = 0; 
the roots of which are x'; z", x'", d&c., and let e be the excess 
of these roots above those of the required equation, which 
must consequently be x' — «, x" — «, x'" — c, &c. ; or if 
u is the unknown quantity of this new equation, we hav« 

X — c = II, 

a? = c + m; 
and this value of x, being substituted in the given equation, 
produces the required equation, or 

which, being arranged according to powers of u, is 

M* -f^nclM*--^. .-J-&C. . .-(- n c"""^ 1 

a I -f.(„_4)ac»-.2 

-|-(n — 2)6i5»-3 
+ &c. 



■ e»=0. 

-- &c. 



170. Corollary. Since e is now entirely arbitrary, 
it may be taken to satisfy any proposed condition, 
such for instance as that the coefficient of m*"^ may 
be equal to zero, in which case the second term 
vanishes, and the equation becomes of the form 
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All the Roots of an Equation diminished by the same Quantity. 
This^sondttkm is xepreseuted by the equation 

which gives for the value of e, 

n 

171. Corollary, Binoe the roots of the equation just at* 
tained are • 

%' — c, x"' — c, x'" — «, &c., 

they become, when « is taken, equal tQ one of the roots 
x', a;", x'", &C. of. the proposed equation, such as x' for in- 
stance, 

jt' _ X', z" — V, -x''' — x' + &c. 

But X' — 4j'i=0; 

and, therefore, one of the roots of the equation thas obtain- 
ed must be zero. Now this equation is 

M^-j-nx^.a"— ^,.-|-&c.. ..-f- «x'*— ^ ii-|-x"» == 0. 

+ a I -f-(w— l)ax'»-2 ^ax'^-^ 

and by the substitution of 

« = 0, 
which must satisfy it^ its first, member is rednced to the last 
term, a;id We have 

x'» + ax'«-i + 6x'«-3 + &c. == 0; 

which equation is evidently correct, since it only differs from 
the given equation by the substitution for x, of one of its 
roots x'. 

Hence the above equation, divided by u, is reduced to 



,,n— 1 



+ nx' 



+ &C. 



192 ALGEBRA* [CH. VI. ^ II. 

Derived Polynomial. 

172. Corollary. If two or more of the roots of the gi?en 
equation are equal to each otjier, such as 

JC' == x'' = x'" == &,c., . 
the roots of the preceding equation become 

x' — x" = 0, x' — x'" = 0, X' — 2'^ x' — z^, &c, , 
and it is, therefore, satisfied by the value of u, 

M = 0, 
which reduces it to 

„x'«-"i + («— l)a3K'«-2^(„_2)6x''*-3 + &c. ~0, 
or since x' is either of the equal roots the accent may be 
omitted, and we have 

nz»-i-(-(n— l)a2;*-9 + {n— 2)6z«*-3 + d2;c. =0, 

which must be satisfied by a value of « equal to either of the 
equal roots of the given equation, and these equal roots can 
therefore be obtained by means of the process of elimination 
of art. 116. But it is evident that two different equations with 
one unknown quantity cannot be satisfied by the same value 
of this unknown quantity, unless their first members have a 
common divisor, which is reduced to zero by this value of 
the unknown quantity. 

.The first member of the equation last obtained is 
called the derived polynomial of the given equation, 
and is obtained from it by mulliplying each term by 
the exponent of the imknown quantity in that term, 
and diminishing this exponent by unity. 

The equal roots of an equation are, therefore, ob- 
iained by finding the greatest common, divisor of its 
first member and its derived polynomial, and solving 
the equation obtained from putting this , common di- 
visor equal to zero. 
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Examples of finding equal Roots. 



EXAMPLES. 

1. Find all the roots of the equation 

ii;8_7xa-^ 16z — 13 = 
which has equal roots. 

Solution. The derived polynomial of this equation is 
Bx^ — Ux+ 16, 
the greatest common divisor of which and the given first 
member is 

x — 2. 
The equation 

2 — 2 = 0, 
gives 

x = 2. 
Now since the given equation has two roots equal to 2, it 
must be divisible by 

(x — 2)2 = ^a _ 4 X + 4, 
and we have 

x3 — 7 x2 -^- 16 X — 12 = (x — 2)a (x— 3) = ; 
whence 

X=!:3 

. is the other root of the given equation. 

2. Find all the roots of the equation 

x7_926^6x*-f 15x8_12x2_7a; + 6 = 
which has equal roots. 

Solution. The derived polynomial of this equation is 

7x«— 45x*+24x3+45xa— 24x— 7, 

the greatest common divisor of which and the given equation 
gives 

a;3 _. 2^2 ^ X -f 1 = 0, 

17 
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Examples of finding equal Roots. 

which is an equation of the third degree, and we may con- 
sider it as a new equation, the equal roots of which are to be 
found, if it has any. 

Now its derived polynomial is 

322_2x — 1, 
and the common divisor of this derived polynomial and the 
first member give^ 

X — ]( = 0, or z = I. 
H^QCQ the fitat member of 

23— 2*— X+1 = 

must be divisible by 

and we have indeed 

x^—x^—x + 1 = (x— 1)2 (aJ+ 1) = 0. 
The equal roots of the given equation are, therefore, 

1 = 1, and = — 1 ; 
and its first member is divisible by 

and is found by division to be 

(z — 1)3 (z + 1)« (x2 -f X — 5). 
. The remaining roots are,^thereforey found from solving the 
quadratic equation 

z* + n; — 5 = 0, 
which gives 

aj = 2, or = — 3. 

3. Find kll the roots of the equation 

x8+3a;a— 9z — 9 = 

which has equal roots. 

Ans, X zs:3, or =z — 3. 
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Examples of finding equal Roots. 

4. Find all the root» of the equation 

23 -^ 15 x> 4- 75 3$ --• 125 £:= 

which has equal roots. 

Ans. X = 5. 

5. Find all the roots of the equation 

24 _ 9 2.3 + 29 x2 — 39 z + 18 = 

which has equal roots* 

Ans. 2 = 1, or = 2, or = 3. 

6. Fiod all the roots of the equation 

a:* _ 2 23 _ 59 2,2 +602 + flOO = 

'which has equal roots. 

Ans, 2 = 6, or = — 5. 

7. Find all the roots of the equation 

x4 _ 6 2* — 8 2 — 3 = 

which has equal roots. 

Ans, 2 = 3, or = — 1. 

8. Find all the roots of the equation 

2* + 1223 -f 542* + 1082 4- 81 = 

which has equal roots. 

Ans, 2 = — 3. 

9. Find all the roots of the equation 

26 — 2 2* — 2 23 + 4 2^ + 2 — 2 = 

which has equal roots. 

^ Ans. 2= ± 1, or = 2. 

10. Find all the roots of the equation 

X6_6a;4 +423 + 922 — 122 + 4 = 

wliich has equal roots. 

Ans, 2 = 1, or = — 2. 
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Examples of findihg equal Boots. 

11. Find the equal roots of the equation 
x9-^x7+26x«— 45a;6+45z*-^21 x^— 10x^+20 2>S=0, 

Ans. X = 1, or = 2. 

172. General solutions have been given of equa- 
- tions of the third and fourth degree ; they are not, 
however, always applicable, and are so complicated, 
that it is more convenient in practice to obtain the 
roots of an equation by successive approximations. 
But before proceeding to this subject, it is important 
to be acquainted with the theory of arithmetical and 
geometrical progressions. 
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To find the Ust Term. 



CHAPTER VII. 

Progressions. 

SECTION I. 
Arithmetical Progression. 

173. An Arithmetical Progression, or a progres- 
sion by differences, is a series of terms or quantities 
which continually increase or decrease by a constaai 
quantity. 

This constant increment oir decrement is called tlM 
common difference of the progression. 

Throughout this section the following notation will be re- 
tained. We shall use 

a = the first term of the progression, 

I =: the last term, 

r = the common difference, 

n :== the number of terms, ^ 

S = the sum of all the terms. 

174. Problem, To find the last term of an arith" 
metical progression when its first term, common dif' 
ference^ and number of terms are known. 

Solution. In this case a, r,, and n are supposed to be 
known, and / is to be found. Now the successive teirms of 
the series if it is increasing are 

a, a -|- r, a'\'2r, a + 3 r, a -f" ^ *■» ^^* » 
17* 



198 ALOEBHA. ' [CH. Til. ^ I. 

Sum of two Terms equally distant from the extremes. 

80 that the nth term is obviously 

/t=a+(»— l)r. 
But if the series is decreasing, the last Cerm must be 

l = a — {n — V)r. , 

Both these cases are, however, included in one, if we 
suppose r to be negative when the series is decreasing. 

175. Corollary, In like manner any other term, such &b 
the mth, is 

a'\- (m — 1 ) r. 

176. Corollary. By writing the series in an inverted 
order, beginning with the last term, a new series is found, 
of which the first term is I, and the common difference — r. 
Hence the mth term of this series, that is, the fitth term 
counting firom the last of the given series, is 

/_(«,_ l)r. 

177. Corollary, The sum of the mth term and of the mth^ 
term from the last is, therefore, 

[a + (m_ l)r] + [/_ (m- l)r} = « + /; 

that is, the sum of any two^terms, taken at equal dis^ 
tances from the two extremes of an arithmetical series^ 
is equal to the sum of the two extremes. 

178. Problem. To find the sum of an arithmetical 
progression when its first term^ last term, and num~ 
ber of terms are known. 

Solution. In this case, a, I, and n are supposed to be 
known, and iS is to be found. 



CH. ril. ^ I.] ARITHMETICAL PROGRESSION. 199 

To find the Sum of the Progression. - 

Suppose the terms of the series to be written as follows, 
first in the regular order, and then in an inverted order : 

«, 6, c, . i, k, I; 

I, k, i, c, b, a. 

The sum. of the terms of each of these progressions being S, 
the sum of both of them must be 2 jS^, that is, 

2«=:(«H-/)H-(6+A) +<«+«•) • • • + («-N)+(*+*)+(^+«)- 
But by the preceding corollary, we have 

a + /=5-f-A: = c-|-t = &c. 
Hence 2 S is equal to as many times (a *f- /) as there are 
terms in the series, that is, 

. 2S=. (« + /)»; 
or S^i{a-^l)n; 

that is, the sum of a progression is equal to half the 
sum of the two extremes^ multiplied by the number of 
terms. 

179. Corollary, From the equations 

/=« + («_ l)r, 
S=^{a + l)n; 

either -two of the quantities a, /, r, n, and 8 can be deter- 
mined when the other terms are known. 



EXAMPLES. 

1. Find the 100th term of the series 2, 9, 16, &c. 

Ans. 695. 

2. Find the sum of the preceding series. 

Ans. 34850. 

3. Find 8^ when a, r, and n are known. 

' Ans. i8f = i[2a + (ii— l)r]ii. 
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Examples in Progression. 

4. Find n and 8, when a^ l, and r are known. 

, Ans, n = 1- 1 ; 

5. Find the number 'and sanr of terms of the series of 
which the first term is 6, the last term 796, and the commoB 
difference 10. 

Ans, The number of terms = 80, 
the'sum = 32080. 

6. Find r, when a, I, and n are known. 

I— a 



Ans, r = 



«— 1 



7. Find the common difference and sum of the series, of 
which the first term is 75, the last term 15, and the number 
of terms 13. 

Ans. The common difference = — 5, 
the sum = 585. 

8. Find r and n, when a, /, and 8 are known. 

2iSf 



Ans. n = 



r = 



2i» — (a + /) 

9. Find the common difference^ and number of terms of a 
series, of which the first term is 2, the last term 345, and 
the sum 8675. 

Ans. The number of terms = 50, 
the common difference = 7. 

10. Find I and n, when a, r, and 8 are known. 

Ans. „^ VP'-^+(«-^'-)»]-(a- £r) 

r 
i = V[arS+(a_ir)2] — Jr. 
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11. Find the last term and number of terms of a series, 
of which the first term is 3, the eommon difference 4, and 
the sum of the terms 105. 

Ans. '.The last term = 27, 

the number of terms = 7. 

12. Find a and n, when Z, r, and iS» are known. 

Ans. „={±iiL^Vl(l±±l)lZL?Jl5, 

r 

a = ±\A[(/ + ir)2 — 2r ^] + i r. 

13. Find the first term and the number of terms of a s^ 
ries, of which the last term is 13, the eommon difference 3, 
and the sum of the series 35. 

Ans. The first term = 1, 

the number of terms = 5. 



^ 14. Find / and r, when a, n, and B are known. 

Ans. I = a, 

n 

_ 2 (iSf— an) 
''- n(n-\y 

15. Find the last term and common difference of a series, 
of which the first term is f , the number of terms 12, and 
the sum 100. 

Ans. The last term = 16, 

the common difference =1^. 

16. Find a and r, when /, n, and iSfare known. 

Ans, a.s= /, 

n 

_ 2{ln^8) 

"--nin-iy 
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17. Find the first term and common difference of a series, 
of which the last term is 50, the number of terms 90, and 
the sum 600. 

Ans, The first term =10, 

the common difference == 2-^. 

18. Find a and jS^, when 7, r, and n are known. 

Ans. a = I — (n — 1) r, 

^ = i[2f— (»— l)r]n. 

19. Find the first term and sum of the terms of a series, 
of which the last term is 100, the common difference ^, and 
ibe number of terms 51. 

Ans. The first term = 75, 

the sum of the terms sss 4462}. 

20. Find a and /, when r, ft, and S are known. 

Ans. a = J (n — 1 J*r, 

/=f+i(«-»)'-- 

,21. Find the first and last termd of a series, of which the 
common difference is 5, the number of terms 6, and the 

sum 321. 

Ans, The first term 3= 41, 

the last term == 66. 

22. Find the sum of the f^atural series of numbers 1, 

2, 3, &>c. up to n terms. 

Ans, Jii(ii + 1). 

23. Find the sum of the natural series of numbers from 

1 to 100. 

Ans. 5050« 

24. Find the sum of the odd numbers 1, 3, 5, &c. up to 

n terms. 

Ans, n*. 
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25. Fiad the sum of the odd numbers from 1 to 99. 

^715. 2500. 

26. Find the sum of the even numbers 2, 4, 6, &c. up to 

n terms. 

Ans. n (n + 1). 

27. Find the sum of the even numbers from 2 to 100. 

Ans. 2550. 

28. One hundred stones being placed on the ground, in a 
straight line, at a distance of 2 yards from each other ; how 
far will a person travel, who shall bring them one by one to 
a basket, placed at 2 yards from the first stone ? 

Ans. 1 1 miles, 840 yards. 

29. We know, firom natural philosophy, that, a body which 
falls in a vacuum, passes, in the first second of its fall, 
through a space of 16^ feet, but in each succeeding second, 
32^ feet more than in the immediately preceding one. Now, 
if a body has been falling 20 seconds, how many feet will it 
have fallen the last second? and how many in the whole 
time? 

Ans. 627^ feet in the last second, 

and 6690 feet in the whole time, w 14 ^ "; 

30. In a foundery, a person saw 15 rows of cannon-balls 
placed one above another, and asked a bombardier how 
many balls there were in the' lowest row, * You may easily 
calculate that,' answered the bombardier. * In all these 
rows together, there are 4200 balls, and each row, from the 
first to the last, contains 20 balls less, than the one imme- 
diately below it.' How many balls, therefore, were there in 
the lowest row ? 

Ans. 420. 

180. The arithmetical mean between several quan- 
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titles is the quotient of their sum divided by their 
numbers. 

Thus the arithmetical mean between the two quantities 
a and 5 is half their sum, or ^ (a -|- 6) ; that between the 
four quantities 1, 7, 11, 5 is 6. 

181. Problem. To find the arithmetical mean Be- 
tween the terms of an arithmetical progression. 

Scholium, It is, by the preceding definition, 

or, since 

^ = J n (a + /)» 
it is 

that is, half the sum of the extremes. 

182. Problem. To find the first and last terms of a 
progression of which the arithmetical mean, the num- 
ber of terms, and the common difference are known. 

Solution. If we denote the arithmetical mean by M, we 
have 

which, substituted in the result of example 20, in art. 179, 

gives 

a = if— J(n— l)r, 

l^M + i{n — i)r. 

Scholium. In very many of the problems involving 
arithmetical progression, it will become convenient to 
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•>■ - - -I ■ 

use for one of the unknown quftnltties the sritfatfteti* 
cal mean. ' 



EXAMPLES,. 

i. Find five numbers in arithmetical progression who6e 
sum is 25, and whose continued product is 945. 

Solution, Denote the arithmetical mean by M, and the 

eommon difference by r, and we have, by art. 182, 

jlS . • ' 

ilf c=.y =,5; .. ^ .. . ,^. 

and • -» 

the first term = M — 2r = 5 — 2r, 
the second term i=i M — r =5 — r, 
* the third term = M =5, 

, the fourth term =1 M -{- r = 5 + »*» 
the fifth term z= M + 2r = 5 + ^r; 

and the continued product of these terms is 

(5-2r) (5-r)5(5+r) (5+2r)=3125.— 625r24.20r* =945. 
Hence we find 

r i= 2, or =3= \/ 54J; 

and the only possible series satisfying the condition is, there- 
fore, 1, 3, 5, 7, 9. 

' 2. Find fbor numbers in arithmetical progreasioo vhQse 
fenm is 32; and the sum of Avhose squares is 276. 

Aris. 5,7,9, 11.. 

3. A traveller sets out for a certain place, and travels 
1 mile the first day, 2 the second, and so on. In five days 
afterwards another sets out, and travels 12 miles a day. 
How l6ng and Kow far must he travel to overtake the first? 

Ans. 3' days and 86 miles. 

18 
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- 4 Find four numbeni in aritfamelicid progreanon wbqfe 
Bom is 28j and continued prodact 585. 

Ans. 1, 5, 9, 13- 

5. The sam of the squares of the first and last of four 
numbers in arithinetical progression is 200, and the su^i of 
the squares of the second and third is 136 ; find them. 

Ans. 2, 6, 10, 14 

6. Eighteen numbers in arithmetical progcQasion Ai:ei,9pic)i, 
that the sum of the two mean terms is 31^, and the product 
of the extreme terms is 85^. Find the first term and the 
common difference. 

; Ans, The first term, ia 3, 

the common difference is 1^. 



SECTION II. 
Geometrical Progression. 

183. A Geometrical Progression, or a progression 
by quoiientSf is a series of terms which increase or 
decrease by a constant ratio. 

jt^ /, n, and 8 will b.e used in this seotiow as <in the Jast, 
to denote respectively the first term, the last term» the am- 
ber of terms,, and the sum of the terms; and r will be used 
denote the constant ratio* 

.184, Problem. To find the last term of a geomietrir 
C0l progression when its first term, ratio^ and number 
of tenmB^ are known. 
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Soiutiim. In tkis caisey,ayry and n i^re giYea„ .to fii|d /. 
Now the terras of the series are as follows : 

a, ar, ar^, a^^ . . . &c. . . . ar^"^; 

that is^ the Idst or nth term is 

that is, the last term is equal to the product of the 
first term hy th^t pow&r of the ratio whose expqnent 
is one less than the number ofterm,s. 

185. Problem, To 'find the sum, of a geometrical 
progression^ of which the first tisrm, the nMo, atld 
the numb&r of terniB ctre kno^im. 

Solution* We have . 

If we multiply al! the terms of this equation by r, we haVe ' 
r <S^ == ar r{^ar2 -(- ar^ -J-&C. ...-(- ar*—i + ar», • 

from which, subtra9ting the former eqiiation, and striking 
out the terms which cancel, we have 

r S—S= ar"" — a, 

or {r—l)/^T=af^—a=a(r^—l); 

whence 

arn — a a (r^ — l\ 

^ a= ^ — ' — --. = — i-. c, 

r — l r — l 

Hence, to find the sum:, multiply the first term by the 
difference between unity 'and that power of the ratio 
whose expon&rit is equal to the number of terms ^ and 
divide the product by the difference between unity and 
the ratio. . . 
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186. Corpltory. The two equations 

(r---l)/S'=3:a(f*— 1) . 
give the means of determining either . two of the 
quantities a, /, r, n, and S, when the other three are 
known. 

But it must be observed, that, since n is an exponent, it 
can only be determined by the solution of an exponential 
equation. 

EXABfPI^ES. 

. 1. Find the 8th term and the 9tim of the first 8 terms of 
the progression 2, 6, 18, d&c, of which the ratio is 3. 

Ans, The 8th term is 4374, 
the sum is 6560. 

2. Find the l*2th term and the sum of the first 12 terms 
of the series 64, 16, 4, 1, ^, ^'C, of which the ratio is ^. 

Ans, The 12th term is ^y^^^T 
the sum is 85^^[^ 

3. Find S, when a^ /, and r are known. 

« r/ — a 

Ans, S = T-. 

r — 1 

4. Find the sum of the geometrical progression of which 
the first term is 7, the ratio j^, and the last term 1|. 

Ans. 12f. 

5. Find r and 8, when a, /, and n are known. 



n — 1 

« a ^/h — fn/c 



Ans, 
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6. Find the rtrtio and sum of Ihe series of wliieh ttie fiirst 
term isl^, ^ last term dS^BO^ and the number of terms 6. 

Ans. The ratio is 3, 

the sum is 58240. 

7. Find r, when a, I, and S are known. 

d. P^nd the ratio of the series of which the first term is 
1620, the last term 20, and the sum 2420. 

Ans. i, 

.9* Find a aod iSf, when /, r, and fi are knowa. 

Ans, a = 



8 ' 






' 10. Find the first tefrm and sum of the series of whiok 
the last term is 1, the ratio ^ and the number of terms 5. 
. . >An$4 The first term is 16, 

the sum ia^L 

1 1 . Find /, when «t, r, and S are known. 

4T cv ^— a 
ns. / = iSf -. 
r 

12. Find the last term o^he series of whichSthe first term 
is 5, the ratio ^, and the sum 6^. 

Ans'. ' ^. 

13. Find a, when /, r, upd S are known. 

14: Find the first term of the series of whicti the last term 

w 2V» *^® J^»*io i> *nd the sum 6^. 

Ans, 5. 

18* 



^■- ' ' - II 

, 16. Fin4:a and l^ wbeo t% n* and Sttte known. 

' Ans. a = ^7^ ; , , 

'" ** — 1 • 

16. Find the first and last terms of the series of which 
the ratio is 2, the number of terms 12, and the sum 4095. 

Ans, The fijst term is 1, 
the last term 2048. 

187. An infinite decreasing geometrical progression 
is one in which the ratio is less ibacr unity, and tfle 
number of terms infiiiite. 

18^ Problem, To find the last term and the sum 
of the terms of an infinite decreasing geometrical ^^pro- 
gressiof^ of which th^ Jh-st term a/nd ihp ratio are 
known* 

Solution, Since r is les^ than unity, we may denote it 
by a fraction^ of which the numerator is 1, and the denomi- 
nator r' greater than unity ; and we have 
' 1 ' 

Since^ then, the number of terms is infinite, the formulas 
for the last term and the sum become 

/=^ a>^-^ = d X = 0, 

' rt — a — a. 



r— I r—V 

a ar' 

1 — r~ V^\' 
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that is, the last term is zero, and the sum is found by 
dividing the first term by the difference between unity 
and the ratio. 



189. Corollary. From the equation 

a 



8 = 



1— r' 

either of the quantities a, r, and ^ may be found, 
when the other two are known. 



EXAMPLES. 

1. Find the sum 6f the infinite progression, of which the 
first term is l, and the' ratio J. 

Ans,^ 2. 

2. Find the sum of the infinite progression, of which the 
first term is 0,7/ and the ratio 0,1. 

Ans. J. 

• 3. Find r» in an infinite progression, when a atid S are 
known. 

Ans, r = 1 — -^ 

* o 

4; Find the ratio 6f an infinite progression, of which the' 
first term is 17, and' the sum 18. 

Ans; tV- 
'5. Find a, lA an infinite progression, when r and S are 
known. 

Ans. a a=s j8^(1 — r). 

6. Find the first term of an infinite progression, of which 
the ratio is f « and the sum 6. 

Ans. 2. 



Number of B^al Root». 



CHAPTER VIII. 
Resolution of Numerical Equations. 

SECTION I. 
Number of Real Roots of Equations. 

190. Theorem. When ah equation is reduced, as 
in art 160, and the nalues of, i/^s first ^ member, .06- 
tained by the substitution of ,tv)o different number0^ 
for its unknown quantity^ are affected by contrary 
signs, the givm equation must have a real root com' 
prehended between these two numbers^ . 

Demonstration. For, if the value of the less of the two 
nombers, which are sobsttttxled for the unjcnowa cfoantitjr is 
supposed to be increased by imperceptible degrees until \t^ 
attains th^ value of the greater number, the value of the 
first member must likewise change by imperceptible degrees^ 
and rai^t pa^s through all theintermodiilte ^okies be^w^n.iti 
two extreme values. But the extreme values a^ e aff^<^6d with, 
opposite sigas, so that zero must be contained between them, 
and must be one of the values attained by the first member ; 
tliat is^ there must be a number which, substituted ip. the 
first member reduces it to zero, and this number is conse* 
quently a root of the given equation. 

Ij91. Corollary. If the given equation has no teat 
root, the value of its first member will always be af- 
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fected bif the same sigrij whatever numbers be substi' 
tuted for its unhtwwn qnantitp. 

/f . 
192. Theorem, When an unevten number of the 
real roots of an equation .are comprehefided.^ between 
two numbers, the values of its first member obtained^ 
by mbstituting these numbers for x, m,ust be affected 
with contrary signs ; but if a?i even number of roots 
is contained between them, the values obtained from 
this substitution must be affected with the same sign. 

Demonstration, Denote by a, 6, c, &c. all the roots of the 
given equation which are contained between the given num- 
bers p and q\ the first member of the given equation mmi, 
by art. 162, be divisible by 

(z — a) (j — 6) (x ^- c) &c. 

If we denote the quotient of this division by F, the equation 

F=0 

gives all the remaining roots of the given equation, so that 

Ft=;LO 

cannot have any real root contained between p and q, . 
The. given first member being, therefcnre, represented by 

{x — a){x — b){x — c)....XY 
becomes . 

(p— «)tp — ^)(p — c)....X F', 

when Vre substitute p for x, and denote the corresponding 
value of F by Y' \ and when we substitute q for% and de- 
note the corresponding value of F by F", it becomes 

(q — aY(q^b){q^c)....X Y". 
The quotient of these two results is 



Number of Real Boots between two given Numbers. 
(/>~a) {p — b){p—c), 



(q-a)(q-b)iq-c}....rC 
which caD be written 

p — a p—h p^c F' 

q — a^q~b^q — e^ F''' 

Now sinpe each of the roots a, b, c, &,c, is included be- 
tween p and q, the numerator and denominator of each of 
the fractions 

^inf, -PZ1.J, ^Zli. &c. 
q.-.a q — b q — c' 

must be afiected with contrary signs, and therefore each of 
tiiese fractions most be negative. 

But since Y' and Y" must, by art. 190, have the same 
sign, the fraction 

• Zl 

F" 
is positive. 

The product of all these fractions is therefore positive, 
when the number of the fractions 

p — a p — 6 - 
q — a q — b 
is even, that is, when the number of the roots a, b, c, &c. is 
even; and this product is negative,- when the number of 
these roots ia uneven. The values which the given first 
member obtains by t]ie substitution of p and q for a; ii^usi^ 
consequently, be affected with contrary signs in< the latter 
case ; and with the same sign in the former case. ^ 

193. Theorem. Every eqiiation of an uneven de- 
gree^ has at least one real root affected with a sign con- 
trary to that of its last term, and th^ fiumber of all its 
roots is uneven, <. 
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Number of Real Roots ot ao EquatioB of an Odd Degree. 
MemmUraiiau, Let the eqmtioD be 

in which it ki aneven. 

Firsts to prove that there is a real root, and that the num- 
ber of real roots is uneven. Every real root must be con- 
tained between + oo and — qd. Now the sul^etitution of 

a; = 00, 
gives the value of the first member 

00* + a QD»— ^ + * Q0»— 8 + &c. • . . -f- m; 
the first term of which is infinitdy greater than any other 
term, or than the sum of all the other terms. The sign 
of this result is therefore the same as that of its first tejrm, 
or positive. 

Again, the substitution of 

Z = — 00 

gives, since n is uneven, 

— 00* -f- a OD*— 1 — b QD*-2 + ^^' ...+«, 
which may be shown by the above reasoning to be negativt. 

The given equation must then, by art. 191, have at least 
one real root, and by art. 192, the number of its real roots 
must be uneven. 

Secondly. To prove that one, at least, of the real roots 
is affected with a contrary sign to that of the last term. 
The substitution of 

reduces the given first member to its last term m. 

Comparing tliis with the above result^, we aie^ that, if m 
mposiHvie, the given equation most, by art». 19.0, have ajreal 
root contained betwen and ^-^ oo, that is, a tuigativexooi ; kf^l 
if m is negaiipe^ there musi l^ a real joot contained between 
and -|- 00, that is, a positive root ; so .thai there ^ll3^^t al- 
ways be a root affected with a sign contrary to that of m. 
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194. Theorem. The ftum^^r of real tvots^ if there 
are any, of an efuaiion of an4^en degree nmM be even^ 
and if the last term is negative, ihere.mustM^Mt tesst 
two real roots, one positive and the other negative. 

, D^moHstratiun. Let the equation be 

«»^.aa^-i + 6a:*-« + &.c + «• = 0, 

in which n is even. 

First. To prove that the nnmber of real roots is even. 
The sQbfitttution of 

gives^ for the value of the first member 

to* + a OD*— ^ 4" * 00*^* + &c. . . . -f- *"> 
which is positive. 

The substitution of ' 

X =t: — Ob 

gives for the value of the first member 

OD* — a OD*— ^ -f" ^ a>*-~^ + &c. . . . -j- w, 
which is aiso positive. 

fience, if the givep equation haa any real root there must, 
by art. 192, be an even number of them. 

Secondly. To provb that when rti is negative, 4here must 
be two real roots, the one positive, the other negative. Tiie 
substitution of ' ' " ''^ 

x==0 
reduces the given first member to its last' term m, and this 
resuli is thiferefore negative in the present case. 

Comparing this with the above resuHs, we see that the#e 
'ttiust be a root between and ^ qd, and also one between 
'X^ and -^ 00 ; that i§, the ^iven eqiiation has two roots, thfe 
one positive; and the other negative. 
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196. Corollary. Since the number of real roots of 
an equation of an uneven degree is uneven, and that 
of an equation of an even degree is even, the number 
of imaginary roots of every eq%iation^ which has imagi* 
nary roots, must be even. 

196. Theorem. The number of real positive roots 
of an equation is even^ when its last term is positive; 
and it is uneven, when the Uist term is negative*, 

" Demonstration. The substitution of * 

gives, for the first member of the given equation, a positive 
result ; while the substitution of 

X=:0 

reduces the first member to. its last term. 

Hence if this last term is positive, the number of real 
roots contained between and qd, that is, of positive roots, 
must, by art. 191, be even ; and if this last term is negative, 
the number of these roots must be uneven. 

197. Theorem. An equation cannot have a greater 
number of positive roots than there are variations in 
the signs- of its terms, nor a greater number of 
negative roots than there are permanences of these 
signs. . ^ ^ 

, Demonstration^ The truth of this proposition would be 
demonstrated, if it could be shown that the multiplication of 
the first member of an equation by a factor x — a, corre* 
spoliding to a positive root, must introduce at least one 

19 
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variation, and that the muhiplication by a factor x -|- it^ 
must intro<)iice at least one permanence. 

Let the geDertU equation of the nth degree be 
7^ zt Ax""-^ :h B x*-^ :±: i jL z =t: if = O: 

in which the signs succeed each other- in any manner what- 
.ever. 

If we multiply this equation by z -* a, it becomes 



a:«+i=bi4 



2*db B 
:=paA 



;=^aB 






X 

=Fiif=a. 



The signs in the upper line of this product are the same as 
in the given equation, while those of the lower line are the 
reverse of those of the* given equation advanced one rank 
towards the right. 

If, then, we proceed from the first to the last term of the 
product, we must find the same changes of signs as in the 
given equation, so long as we c^n remain in either of these 
lines, ^ 

But we are forced to descend from the tipper line to the 
lower line, as soon as we come to a term in jvhich the lower 
number is larger than the upper one, ^nd has the opposite 
sign. In this case, a new variation is clearly introduced, 
for the lower sign is, as before remarked, the reverse of thQ 
preceding upper sign ; and, all the remaining signs of the 
lower line being the reverse of the preceding ones of the 
upper line, we must find the same changes of signs as we 
' should have found in the upper line. 

If, however,, we should, after this, come to a term in which 
the upper numbei' is the greater, and has the reverse sign of 
the lower one, we must reascend to the upper line. In this - 
case, the order of the signs must evidently be the same as 
it would be, if, in the lower line this term were omitted, and 
the. followierg signs reversed. But with the omission of a 



C», Vlll. ^ I.] NUMBER or REAL BOOTS. 



219 



Number of Positive Mid Negative Roots. * 



terra, two successions of Bigns must be lost, one of which at 
least is here H permanency; for the lower sign of the omitted 
term, being the reverse of the upper sign, must be the same 
as its succeeding sign in the lower line. Not more than 
one variation can, therefore, be lost in ascending to the 
upper line, and this is replacod by the variation which is 
introduced in descending again to the lower line ; also since 
the last sign is in the lower line, we must descend again to 
the lo^er line. 

Each factor, corresponding to a positive root, must then 
introduce a new variation, so that there most be as many 
variations as there are positive roots. 

In the same way, it may be sho^n that each factor, as 
a; -f- a, corresponding to the negative root -^ a, must intro- 
duce at least one new permanence, so (hat there must be as 
many permanences as there are negative roots. 

196. Corollary, The whole number of succession of signs 
of an equation, that is, the sum of the permanences and 
variations, is one less than the number of terms, or the same 
as the degree of the equation, that is, the same as the 
number of roots. . 

If, therefore, all the roots are real, the number of 
positive roots must be the same as the number of 
variations, and the number of negative roots must be 
the same as the number of permanences. 

199. Scholium. Whenever a term is wanting in an 
equation, its place may be supplied by zero, and either 
sign may be prefixed. 

200. Corollary, When the substitution of + for 
a term which is wanting gives a di£ferent number of 
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Zero substituted for a Term which is wanting. 

permanences from that which is obtained by the sub- 
stitution of — 0, and conseqaently a di&rent number 
of variations also, the equation must have imaginary 
roots. 

201. Theorem. When the sign of the term whieh 
precedes a deficient term is the same with that whieh 
follows itj the equation must have im^aginary roots, 

Demonstratian, For if the terras which precede and fol- 
low the deficient term are both positive^ the substitution of 
+ gives two permanences ; while the substitution of — 
gives two variations. The reverse is the case when both 
these terms are negative. The equation must therefore, in ^ 
either case, have imaginary roots. 

202. Theorem, When two or more successive terms 
of a$i equation are waniing^ the eqtmtion must have 
imaginarif roots. 

Demonstration, For the second deficient term may be 
supplied with zero affected by the same sign as that of the 
term preceding the deficient terms f and the first deficient 
term is then preceded and followed by terms having the same 
sign, so that therp must, by the preceding articley-^be imagi- 
nary roots. 

203. l^heorem. When an tineven number (m) of 
successive terms is. wmiting in an^ equation, the numr 
ber of imaginary roots^ must be at least as great as. 
(m + 1), if the term preceding the cteficient terms 
has the same sign toith the term follovnng them; and 
the number of imaginary roots mttsf^be^ cU least as 
great €ts {m--^ 1), if the term preceding the d^icient 
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Imaginary Roots, when Terms are wanting. 

terms has the reverse sign of the term follomng 
them. - • 

Demonstration. Let n denote the degree of the equation, 
p the number of permanences of the given equation which 
are independent of the deficient terms here considered, 
and V the number of variations ; the number of successions 
which are dependent upon these' deficient terms must be 

» + P + "« + 1 = »> 
or 

V +|i 2= n — (m + ^)- 

- First, If ike sign of the term preceding the deficient 
terms is the same with the sign of the term fotlomng them ; 
supply the place of each deficient term with zero affected 
by this same sign. All the successions, dependent upon the 
deficient terms, must in this case be permanences ; so that 
V will be the whole number of variations of the given equa- 
tion, and the number of positive roots cannot therefore ez-^ 
ceedv, * 

But if the sign of every other zero beginning with the 
first it reversed, namely, of the first, third, fifth, &c., all the 
•permanences dependent upon the deficient terms are changed 
into variations ; so that p will be the whole number of per^ 
ml^lences of the given equation, and the number of negative 
roots cannot therefore exceed p. 

Hence the whole number of real roots caanot exceed 

and, therefore, the remaining (m -^^ 1) roots must be knagi* 
nary. 

Seeondfy, If the sign of the term preceding the deficient 
ten/ns is the reverse of the sign^ of the term fottowitig Hhem^i 
19* 
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•upply the place of each deficient term with zero affected 
• by the same sign as that of the term preceding the deficient 
terms. All the successions, dependent upon the deficient 
terms, must in this case be permanences, except the last, 
which is a variation ; so that v ^ I will be the whole num« 
ber of variations of the given equation, and the number of 
positive roots cemnot, therefore f exceed v ~^- h 

But if the sign of first, third, fiflh^ d&c. zeros be reversed^ 
all the permanences dependent upon the deficient terms are 
changed into variations, and the variation is changed into a 
permanence ; so that p 4" 1 ^^' ^ ^^® whole number of 
permanences of the given equation; and the number of 
negative roots cannot, therefore, exceed p -j- 1. 

Hence the whole number of real roots cannot exceed 
t, -f jp -(-,2 = n — (ill -f 1) -f 2.= n — (m — 1) i 

and, therefore, the remaining (at'— 1) roots must be imagir 
flary. 

204. Theorem. When an even number of. succes^ 
sive terms is wanting in an equation, the number of 
imaginary roots must be' at least as great as the 
number of these deficient terms. 

Demonstration, Let m, n, p, v, and 5 be used as in the 
preceding article. Let the place of the first deficient titm 
be supplied by zero affected with the same sign at that of 
the term which follov/s the deficient terms. 

The number of deficient terms is thus reduced to the un- 
even number m — 1 ; and, as the term preceding the de- 
ficient terms is now of the same sign with that of the term 
following them, the number of imaginary roots of the equa- 
tion must, by the preceding article, be at least as great as 

{m^l) + l=^m. 
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Cases ki wiuch Cubic Equation has Real Roots. 

HOB. ^CoroUarp. Any equation of the third degree 
may, by art. 170, be reduced to the form 

n^ + JP w + ? = 

in which the second term is wanting ; and this equa- 
tion must, by art. 202, have two imaginary roots, 
whenever j? is positive, 

206. Theorem* The equation 

V? J9 M 4" ? = 

must haire two imaginary roots, whenever p ik posi- 
tive, and 

Demonstration, Since the given equation is of the third 
degree, it nitist; by art. 193, have at least one rear root. 
Denote this root by a;^ and the equation is, by art. 161, 
divisible by u — a ; and the quotient is evidently of the 
form 

tt* -f- a II -f- & ; ^ 
80 that the other two roots of the given equation are the 
tame with those of the equation 

«2 4- ati 4-6= 0. 
Now, by-art. 154, the roots of this equation are imaginary, 
when 

and not otherwise. 

But the product of the two factors, 

u — a and u^ '\' au -^-h, " 
is 

u^ — (a^ — h)u — ah\ 

wbiclii compared with the given qquatioo, givqa 
peg: t^ > — b, 
g sas — a 6.^ 
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Superior Limit of Positive Roots. 

When the given equation has imaginary roots, we hare- 
a2 _ 6 < a2 — J a«, 
that is, ' 

or 

ip<ia2, or j^p^<^a^; 
also 

Ja2 62>^a2(^fl2)2, 



that is, 



iy^>^«r>Ap 



3 



SECTION II. 
Limits of the Real Roots of an Equation. 

207. A number, which is greater than the greatest 
o[ the positive roots of an equation, is called a w- 
perior limit of the positive roots ; and one, which is 
less than the. least of the positive roots, is called an 
inferior limit of the positive roots. 

In the same way, a superior Ximit of the negative 
roots is a nunxber which, neglecting the signs, is 
greater than the greatest negative -root j and an infe-- 
rior limit of the negative roots is a number which is 
less than the least negative root. 

208. Problem. To Jind a superior Umit of the posi-- 
tive roots. 

Solution. The sum of all the ni^ative terms being equal 
to the Slim of all the positive terms, must exceed each posi- 
tive term. Let; then, — iS^be the greatest negative coefficient 
of the equation of the nth degree, and m the e^qpooent of the 
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Superior Limit of Poiitive Roots. 

kigbest negative term ; the sum of the negative terms, heg- 
leeting their ^signs, must evidently be less than that of the 
series 

S + Sx + Sx2+ &c + Sj^, 

for each term of this series is greater than the correspond- 
ing negative term of the equation. 

But this series is a geometrical progression of which Sib 
the first term, ^x*" the last term, and x the ratio; so that its 
sum is, by example 3, of art..48Q, 

x—l ' 

and must be greater than any positive teriD; as a^» or 
x»< . < — _-. 

X I X 1 

iJence 

(x— l)x»<iSa?»+J, 
or 

(x_i)x»-«-i<ia 

But, since 
/ X— l<xand(x — j)ii-m^i <; a^-«-i^ 
we must have 

(x _ i)i«-m < (a; _ 1) x»-"-J < ^r 

and, therefore, 

m — m 

x — K ^s, 

m — m 

If we, then, denote by L this superior limit of the positire 
roots, we have 
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Limits of Negative Roots. 



that is, a superior limit of the positive roots is unity, 
increased by that root of the greatest negative coeffi* 
dent, whose index is equal to the number of terms 
which would precede the first negative term, if no 
terms were wanting. 

209. Problem. To find an inferior limit of the 
positive roots. 

Solution, Substitute in the given equation for 7, the Value 

1 

and find, by the preceding article, a superior limit of the 
positive values of y, afler the equation is reduced to the 
form of art. 168 ; and denote this limit by L'. 
We have, then, 

y<L\ 



and, therefore. 



or 



1 2 



1 



80 that Yj is an inferior limitof the positive roots of the 
given equation. 

210. Problem. To find the limits of the negative 
' roots of an equation. 

Solutim. Substitute for x 

« = — y, 
and the positive roots of the equation thus formed are the 
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Integral Ki.ot. 

negatWe roots of the given equation ; and, therefore, the 
limits of its positive roots become, by changing their signs, 
the required limits. 



SECTION III. 
Commensurable Roots. ' 

2tl. A Commetisurable Root is a real root which 
can be exactly expressed by ^hole numbers or frac- 
tions. 

212. Problem. To find the commensurable roots of 
the equation 

aJ"+ax»-i4-6a:»-«-f-&c. + lx + m=zO, 
in which a, 6, 4*c. are all integers, either positive or 
negative. 

Solutian. Let one of the commensurable roots l>e, when 
reduced to its lowest terms^ 

9 
As this root must verify the given equation, we have 

whence, multiplying by q*''\ and transposing, we obtain 

p" 

£L = — ^p»-i — 6p»— 3g — &c. . . . — m j»— 1; 

and, therefbre, as the second member is integral, the first 
member must also be integral, or we must have 

whence 
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Method of finding Integral Roots. . 

that is, every commensurable root of the given eqtuZ' 
tion must be an int^er. 

Again, the substitution of 
x=zp 
in the given equation, produces 

pn -j. ap""-^ -f- &c. . . + kp^ -^Ip + mz^O; 
whence, dividing by p, and tr^sposing, we obtain 
- = — / — kp — &c. . . . — ap*"^ — p"— 1; 

and, therefore, as the second member is integral, the first 
member must be so likewise; that is, every integral root 
must be a divisor of m. 

If, now, we denote by m', 

the preceding equation gives, by transposing and dividing' 

— = — k — ip — hp^-^gp^ — &c. — ap^--^ — p^^^. 

so that this integral root must liketoise he a divisor ofm'. 
In the same way, if we use m^, m'", m<^, &c. as follows : 



m" = 




»!'" = 


w", . 

7 + '' 


m«^ = 




&c. 


&c«; 
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Method of finding Integral Roots. 

this integral root must be a divisor ofm", mf"^ m*^', &c. ; and 
the last condition to be satisfied is 

»i[»-'] + p = 0, or mt*-i] — — ;>. 

Hence to jind all the commensurate roots of the given 
equation, torite in the same horizontal line all the integral 
divisors ofm, which are contained between thfi extreme limits 
of the roots. 

Write below these divisors all tlie corresponding values 
of mf, m", S^c, which are integral, remembering that a 
divisor cannot be a root, when the values which it gives for 
either m', m", m"\ S^c. is fractional. ' 

Proceed in this way till the values ofmi*—^^ are obtained, 
and those divisors only are roots which give — pfor the 
value of this quantity, , 

" BXAMPLES. 

1. Find the commenaurable roots of the equation 
x^ — 19 x3 _^ 34 x2 + 12 X — 40 = 0. 

Solution, The extreme limits of the real roots are -|- 7,4, 
and — 7,8. Hence we have 

w = — 40; 

% 1, — 1, — 2,V- 4,-5 

— 8, — 5J8, 52, 32, 22, 20^ 
30, 6, —18, 18, , 30 

— 4,-13, — 1, —28, , —25 
-2,-13, 1, 14, . , 6. 

and, therefore, 2, — 1, and -^5 are roots of the given 
equation, and its first member, divided by the factor 

(x — 2) (x+ 1) (2 + 5) = 23 +4 22 _ 7 2 —10,^ 

'^ 20 



p 


= 


5, 


4, 


m' 


= 


4, 


% 


m!' 


= 






m'" 


=: 






m«^ 


-^» 
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CommeiiBurable Roots of any Equatioo. 
flT68 the quotient 

andy therefore, the remaining roots are those of the equation 
which are equal to each other, and each is ^ 

2. Find the commensurable roots of the equation 

Ans. 6,-l/— 1, and —'2. 

3. Find all the roots of the equation 

,* +aj3_24a:« +43a:~21 =0 

which has commensurable roots. 

Ans. 1,3, — fzfc JV'SS, 

4« Find all the roots of the equation 

^ jr® — 6 z2 + 19 2c — 44 =:s 
which has a commensurable root^ . 

Aris. 4, and 1 =h \/ — 10. 

5. Find all the roots of the equation 

s4 — 10x9 4-352;»---50x + 24»>0 

which has commensurable roots* 

Ans. 1» 2> 3» 4. 

6. Find all the roots of the equation 

a;* — 3 2* — 8 x3 4- 24 a;2 _ 9 X + 27 =fi 
which has commensurable and equal roots. 

Ans, 3,-3 and rfc \/— 1. 

7. Find all the roots of the equation 

a;6_23a;4— 48 x3 + 95z2-(. 400 ai-f 375 = 
which has' commensurable and also equal roots. 

Ans. 3> 5, and —2 i \/— 1- 
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CommensuJrable Roots of any Equation. 

.213. Problem. To, find the commensurable roots of 
an equation. 

Solution. Reduce the eqaation to the form 

il««-f ;Bx»-i + &c. ..*. + JLjc^- if =0, 
in which A, B, &c. are all integers, either positive or n^a- 
tive. 

Substitute for x the value 
and the, equation becomes - 

whif&h, multiplied by A*"^, is 

The commensurable roots of this equation may be 
found, as in the preceding article, and being divided 
by Aj will give the commensurable roots of the re-- 
quired equdtion. 

214. Scholium. The substitution of 

is not always the^one which will lead to the most 
simple result. But when A has twcJ or more equal 
factors, it is often the case that the substitution 

A' 
will lead to an equation of the desired form, A' being 
the product of the prime factors of A^ and each factor 
is scarcely ever repeated more than once. 
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EXAMPLES. 

1. Find the commeiisarabJe roots of the equation 
64 2* — 328 x 3 + 574 xa — 393 X + 90 = 0. 

Sokition, We have, in this case, 

^ = 64 = 2« ; 
hence we may take A' equal to some power of 2 ; and it is 
easily seen that the third power will dO| so that we may 
make 

Hence the given equation becomes 

y4_41y3 4.574y^ — 8144y + 5760 = 0. 
The commensurable roots of which are found, as in art. 211, 
to be 

y = 4, 6, 15, and 16 ; 
so that the roots of the given equation are 
« = 4> *» H, a»d 2. 

2. Find the commensurable roots of the equation 

8 23 + 34 x2 — 79 z + 30 = 0. 

Ans. ^, |, and — 6. 

3. Find the commensurable roots of the equation 

24 x3 _ 26 x2 4- 9 X — 1 = 0. 

Ans. i, i, and j^. 

4. Find the commensurable roots of the equation 

3 x3 — 14 x2 -f 21 X — 10 = 0. 

Ans. 1, ^, and 2. 

5. Find the commensurable roots of the equation 

8x*— 38x3+49x2— 22x-f3 = 0. 

Ans. i, ii 1, and 3 
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Incommensurable Roots whose difference is greater than £. -• , 
/ 6. Find all the roote of the equation ^^ m^v^.0^u\ i^. +- 

; which has a commensurable root. 

"" ilns. _ J, and i d: i \/ — ^1- 

7. Find the commensurable roots of the equation 
9*6 +30aj6+22x*4- 10x3 + 17x2—20x4-4=0. 

iiii5. ^ and — 2. 



SECTION IV. 
Incommensurable Roots. 

216. A real root, which cannot be exactly expressed 
in numbers, is called an incommensurabk root. 

216. Probletn. To find the incommensurable roots 
of an equation, the differ^ence between every two of 
whose roots is known to exceed a given quantity E. 

Solution. Form the arithmetical progression 

0, E, 2E, 3E, A E, &c. 

continued to the superior limit of the positive roots; 
also the progression • 

0, — jB, — . 2 JS?, — 3 E, dfcc. 

continued to the superior limit of the n^oHve roots. 
Substitute, successively, each term of each of these 
progressions 'for the unknown quantity in the first 
member of the equation, reduced to the form of art. 
160. 
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Decimal places to be retained. 

When two successive varies of the first member 
thtis obtained are affected by opposite signs, a root 
must, by art. 190, be contained between the correspond- 
ing terms of the series, and not more than one roof^ 
because the difference between two roots is greater 
than that between two term^s of the series. 

Either of these two terms of the series must, there- 
fore, differ from the root by a quantity less than E, 
less, therefore^ than unity, when E is equal to or less 
than unity ; and mo/y be assumed as the first approx- 
imation to this root .. 

BiU if one or more integers are contained between 
the tipo terms of the series, which must be the case 
when E is greater than unity, the successive substitu- 
tUm of these integers for the unknown quantity nfsthe 
equation will give an integer, which differs from the 
root by a quantity less than unity, and which is to be 
preferred as the first approximation to its value. 

Representing this first approximation by w, and 
the quantity by which it differs from the true root 
by hy substitute 

w -^ h 
for the unknown quantity in the equation; (jLnd since 
h is less than unity, its poy^ers must be still smaller^ 
and the terms containing them, may be omitted, so 
that the result may be reduced to the form 

^ A -I- JB = 0. 

The value of h, obtained from this equation, sub- 
stitutedin ' 

w + h, . 
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gives a second approximation to the value of the root, 
from which a third approxifnation ma^ be obtained in 
the sofme way that this was obtained from the first 
approximation, and so on to higher approximations. 

217. Scholium. It is advisable to reduce all the 
calculations of thi^ solution to decimal fractions-^ and 
retain in each multiplication or division only one or 
two decimal places beyond the probable accuracy of 
the approximation. 

The third approximation is rarely exact beyond 
three places of decimals ; but every further approxi- 
mation may usually be relied upon to twice as many 
places of decimals as its preceding approximation. 

218. Scholium. The real roots of most equations 
which are met with in practice differ from each other 
by more than unity, or, at least, only one real root is. 
usually included between two successive integers, so 
that the substitution of all the integers contained be- 
tween the extreme limits of the roots will usually lead 
to their discovery. Even if this substitution of the 
integers is unsucc^sssful, it is rarely useless, for the pro- 
gressive increase or diminution of the values of the 
first member will usually indicate the integers which 
are nearest to the roots.; and the substitution of frae- 
tional -values which differ but little from these integers 
can hardly fail of success. 

219. Scholium. Before applying this solution to an 
equation, it i^ almost always advisable to transform it, 
as in art. 170, to a form in which the second term is 
wanting. ' ^ 
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fiXAMPI^ES. 

1. Find the real roots of the equation 

23 — 15 xa + 72 X — 109 = 0. 
Solution, Transform it, as in art. 170, by subetituting tat x, 
z = tt -f- 5, 
by which it becomes 

«3— 3ii + l=0; 

and the limits of u are 1 -f- V^i ^^^ — I — V^* Now 

the substitution for u of 

8,2, 1,0,-1,-2,-3 

gives for the corresponding values of the first member 

19,3,-1, 1,3,-1,-17; 
80 that the^e must be a real root 

between 1 and 2, 
a second between and 1, 
and the third between — 1 and — 2. 
Now the substitution of 

tt = to -j~ A 
gives, by neglecting 9II the powers of k, bat the first, 

w8 _ 3tt, ^ 1 «j. 3tt,a A — 3 A = 0, 
whence 

w8— -3»+l 
'^ - 3 — 3ii^a : 

In order to find the first root, let 

» = 1. 

and we have 

A = — 00, 
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which is useless, and we must therefore make 

IT = 2, 
which gives 

A = — i = — 0,3, 
and 

Again, the substitution of 

tr := 1,7 - 

gives 

A = — 0,15 
and 

11 = 1,55. 

Again, the substitution of 

Iff =1,55 

gives 

A = -^0,018 
and 

w= 1-532. 

Lastly, the substitution of 

to = 1-532 
gives . * ' 

h = 0,000080 
and 

u = 1,632080. 

In the same way the other two roots may be founci to be 

«= 0,347296 
and 

M=— 1-879399. 

2. Find the real roots of the equation 

2 1* — 20 X + 19 = 0. 

Solution. Since two successive terms are wanting, this 
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equation^ roust, by art. 5202, have at least two imaginary 
roots ; and also since the substitution of 

x=: — y 
gives 

2y*+20y + 19=0, 

which evidently cannot be^satisfied by a positive value of y, 
the given equation cannot have negative roots. The limits 

3 

of its roots are therefore 0, and 1 + V 10, that is, I and 3,2. 

The substitution then for z, of 0, 1, 2, 3, 4, gives for the 
corresponding values of the first member 

19, 1, 11, 121, 451; 

80 that if there is a real root, it is probably nearly 1. Now 
the substitution of 0,9 and of 1,1 for x, gives for the values 
of this first member : 2,3122 and —0,0718; so that there 
must be a real root between 1 and 1,1, and another between 
1,1 and 2 ; and these roots are found as above to be nearly 
1,0922 and 1,5914. 

3. Find the approximate real root of the equation 

x3 _ 12 X + 132 = 0. 

Ans. —5,872052. 

4. Find the approximate real roots of the equation 

x4 + 8 a;2 ^ 16 X _ 440 = 0. 

Ans. 3,976, and —4,3504. 

5. Find the approximate real roots of the equation 

5a;fl_6x + 2=:0. 

Ans. 0,856, 0,379, and — 1,334. 

220. Problem. To Jind an inferior limit of the dif- 
ference betwe&i two rw}is of an equation. 
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Inferior Limit of the Difierence of tl^e Kuot. 

Solution, Let the equation be 

^ x» + JET 2;«-i + &c = 0; 

represent two of its roots by x' and x"^ and their difierence 
by D, so that we have 

Ax''^+ Bx'*-^ + &C. =;: 0, ^ 
D = x' — x". 

The elimination of xf and x" between these equations gives 
an equation containing only D, whence the inferior limit of 
D is' determined as in art. 209. ^ 

7&\, SchoUum. It is plain, from the remsurks of art. 
218, that the solution of this problem can rarely be of 
any practical uscj^and yet it is important to complete 
this chapter. 



* EXAMPLES. 

I. Find the inferior limit of the difierence of the roots of 
the equation 

7 x8 — 6 1+2 = 0. 

Solution, The elimination of x' and x" between the equa- 
tions 

7 J/ 8 ^ 6 x' + 2 = 0, 

7 a;// 3 _ 6 x" + 2 = 0, 

x' — X" = 1>, 

gives 

383 />« — 756 I>a — 324 == 0; 

and therefore, we have, by art. 209,' 

I>>0^ 
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Inferior Limit of the Difference of the Root. 

2. Find the inferior Kmit of the difference between two 
roots of, the equation / ' 

5 x3 — 3 a; — 1 = 0. 

Ans. 0,4. 

. 3. Find the inferior limit of the difference between two 
roots of the equation 

I00x3_27a:-f 5=0. ^ 

Ans. 0,3. 

4. Find the equation for determining th^ difference be- 
tween two roots of the equation 

i4a;3 — Bx+C=:0. 
Ahs. A^ J!>6— 3i4B2I>^_27i4Ca+2B3 = 0, 

in which D denotes the required didnorence. 
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Vafaeof Contintied Fractions. 



CHAPTER IX. 

Continued Fractions. 

222. A continued fraction is one whose numerator 
is unity, and' its denominator an integer increased by 
a fraction, whose numerator is likewise unity, and 
which may be a continued fraction. 

Thus, 

—I and -— . 



« + 6 ^+ 



'+— . 



c + 



d + 6LC. 



are cootiniied fractions. 

223. Problem. To find the value of a continued frac- 
tion which is convposedafafiiaUe number of fractions. 
Solution. Let the given fracjtion be 
1 



»+! 



•+i 



Beginning with tb^ last fraption^ we have successiTelp^f 



^d d 

1 d. 



21. 
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Value of Continued Fractions. 



6+1 ^6-1 'I - Mcd+l) + d 

, . 1 ^cd-irl~ ed+1 

= "d+l cd+l 



j.l ^ b{cd+l) + d- {bc-i-l)d+b 



' + 5 



A_l_l {bc^i)d + b 



'+\ 



(5c-f l)rf-f 6 



^ , 1 ad{b,c+l) + ab + cd + l 

, c+1 {ab + l)cd + ad+ab+V 
and this method can easily be applied in any other case. 



1. Pind the Talue of the continued fraction 
1 

2+1 — J j<x <:y\tiiu 



3. Find the value of the continued fraction 

i 



a^'h 



4 + 



3 + 1 

2 Ant. A. 
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Approximate Values of Continued Fractions. 

224. Problem, To find the value of an infinite con- 
tinned fraction. 



. Sobttiou. 


Let the fraction be 




1 




• 


«H 


1 1 




'.H-^ 



An approximate value of this fraction is obviously 
obtained by omitting all its terms beyond any assumr 
ed fradiony and obtaining the value of the resulting 
fraction^ as in the previous art^e. 

Thus we obtain, successively, 

1 ^ 1 

a a 



1st approx. value. 



■=■ = , . , 2d .approx. value. 

1 ab-\-l '^'^ 



ab-j-l 
1 ^ ^^+i 



•+; 



*+7 



. . , ,v — i — 3d approx. value, 
d&c. d&c. 



and each of these values is easily shown to be more accurate 
than the preceding ; for the second value is what the first 
becomes by substituting, fi>r the denominator a, the more 

accurate denominator a -|- ^ ; the third is what the second 

becomes by substituting, for the denominator b, the more 

accurate denominator 6 -| — ; and so on. 
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Approximate Valuer of Continued Fraction^. 



^5. 'Th^ffm. The numerator n^fany qfftoximaie 
value, as the nth, is obtained from the numerators q/" 
the two preceding approximate values, the {n— l)st, 
and the (n — 2)nd, by multiplying the (n-^l)»t nu- 
merator by the nth denominator cmtained in the 
given continued fraction, and adding to the result the 
numerator of the (n — 2)nd approximate value. 

The denominator of the nth approximate value is 
obtained in the same way from the two preceding de- 
nominators. 

Demonstration. Let the (n — 3)rd, (n — 2)nd, (n — J )8t, 
and nth approximate values be respectively 

K' L" M'\ ^ W 

and let the (n — l)st and the nth denominators, contained 
in the given continued fraction, be p and q. 

We shall suppose the proposition demonstrated for the 
(n — l')st approximate vakie, and ^hall prove |hat it can 
thence be continued to the nth value; that is, wq shall siip- 
pose it proved that 

Now it is plain, from the remarks at the end of the preceding 
article, that the nth value is deduced from the (n— |)st, by 

ohangiog p into P -f ^ ; which change, being iifade in the 
preceding value, gives 
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Difference between successive Approximate Values. 
Rence we have, by substituting 

iV _ M q + L 

N''^ M'q+L'* 
that is, the value required to satisfy the theorem. 

If, therefore, it can be shown that the proposition is true 
for any approximate value, it follows that it must be true for 
every succeeding value. But the comparison of the values 
given in the preceding article shows that it is true for the 
third value, and therefore for every succeeding value. 

226. Theorem. If two succeeding approximate val- 
ues are reduced to a common denominator equal to the 
product of thfCir denominators, the difference of their 
mmherators is unity. 

Demonstration, Let the (n — 2)ttd, (n — .l)st, and nth 
approximate values be 

the difference between the (n—- ^2)nd and (n — l)st is 
LM' — LLM ' . 

'^^. um ' ' \ 

and that between the (n — l)st and nth is 

_ ^ LM — L'M 

■~=*= M'N' 

of both which differences the numerators are the same; and 
therefore, this is. always the case. 
21* 
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Approximate Value coj&pared with True Value. 

Now the first and second ^pproi^imate values^ as give^ ifi 
art. 224» are, when reduced to « common denominator, 

ab + 1 ^ ah 
— — and — 



a(a6+l) a(a6+l); 

the difference of the numerators of which is I ; and therefore 
unity must always be the difference of two such numera- 
tors. 

237. Theorem,^ The apprommate vahies of a «o»- 
Hnued fraction are alternately larger and smaller 
than its true value, the first being larger , the second 
smaller, and so on alternately. 

Demonstration, Since, in the preceding demqnstration, 
the subtraction of the {n -^ l)st value from the {n — • )2nd4 
gave a fraction having the same numerator as that obtained, 
by its subtraction from the nth ; we see that if the {n — l)st 
value is larger than the (n — 2)nd, it must also be larger 
than the nth ;• and if the (71 — 1 )st is smaller than the 
(n — 2)nd, it is also smaller than the nth. 

But the true value is, by art. 224, nearer the (n — 1)st 
value than the (n — 2)nd, and nearer the nth than the 
(n — l)st ; so thi^t when the (n — l)st value isi larger thaa 
the (n — 2)nd, the true value must likewise be laYger than 
the (n — 2)nd, and smaller than the nth, and so on alter- 
nately; but when the (n — l)st value is smaller than the 
(n — 2)nd, the true value most be smaller t-han ihe(n-*--2)od^ 
and larger than the (n— l)st, and so on alternately. 

Now the first value ie, by the preceding article, larger 
than the second, and therefore the true value is smaller than, 
the first, larger than the second, and so-on alternately. 

228. Theorem, Each apprqximate value, of ck, con- 
tinued fraction differs fromtko true value, fey a qwnair^ 
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Approxiaui.te V9iu« compared with True Value. 

iity less than the fraction whose numerator is unity, 
and whose denominator is the square of the denomi- 
nator of this approximate value. 

Demonstration. Let the ^denominator o£ the two succes- 
sive approximate values be M' and N^ ; N' must, by art. 
335, be larger than H'; and the difference between these 
two values must be 

1 

But, by the preceding article, the true value is contained 
between these two approximate values, and therefore differs 
from either of them by a quantity less than their difference. 

Now, since 

M' < N', 
we have 

and 



I 1 



> 



so that the true value must differ from the approximate value, 
whose denominator is M', by a quantity less than 

1 N 

that is, less than a fraction whose numerator is 1, and de- 
nominator M'^. y' 

229. Problefn. To truHsform any quantity into a 
continued fraction. 

Solution. Let X he the quaattity to be transformed. 
Find the greatest integer contained in X, and denote 
it by A, and denote the excess of X above A by the 

fraction — j and we hav,e 
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Transformation of a Quantity to a Continued Fraction. 



A + ^^X, 



and 



X—A. 



Frmn this value of a/, find the greatest integer oan'^ 
tained in xf^ and denote it by a, and the excess of xf 

above aby -^\ whence 



from which the greatest integer contained in x" is to 
be found, and so on ; so that we have 

^ - . 1 





^x — .a 








- 


KX^MPLX. 




Transform m into a 


continued fraction. 




Solution. 


We have, in this case^ successively. 




Az 


= 2; 






Xf =z 


* -m 






Iff — 2 ~ "*' 






a = 


1; 






x" = 


= W. 






of = 


:2; 






x''' = 


= §*, 






a" = 


= 1; 






a;«T=, 


= 87 = af"i 
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Approximate Values qf Fraction or Ratio^ 


and the 


required 


continued fraction is 


-" 


m 


1 

= 2+ 1 

' 8 + i-y 



?30. Corollary. The values of a% a"^ ^C:, in the 
case of a vulgar fraction^ are evidently the quotients 
which would he obtained by the process of finding the 
greatest common- divisor of the numensitor and deiiom- 
inatarsfx'. 

The preceding process might tlterefbre be perfbrmed as 
follcMfs : . 

263 

. iB8|263|2 = a' 
176 

. , T7'|8811 = a" 

"T|87|87 = a'" 
87 V 



231. Corollary. If a fi^action or ratio is transform- 
ed into a continued fraction by the preceding process, 
the approximate values of this continued fraction are 
also approanmate values' of the given fraction or ratio 
which are often of great practical use. 

Thus the approximate values of ^^^,.are 
, 2, 3, f, V ; 
of whkh the IasI differs from the true value by only y,\j7. 
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Approximate Values of Fraction or Ratio. 

EXAMPLES. 

1. Find approximate values of the fraction ff^. 

^«5- h U> Uf and iJt- 

2. Find appr6ximate values of the fraction -x%%^* 

^ns. 2V, A, TJ^oV, tWf, tA?W, and ^WV- 

3. Find approximate values of the fraction ^sW*^- 

ilii5. 2V. fV, sir* 2¥W» rf iF> ^^ 

4. Find approximate values of the fraction 0,245. 

Ans, ^ and ^. 

6. Find ai4>roximate values of the fraction 1,27. 

^«5. i, i, it, f ^, and .^• 

6. The lunar month performs a revolution in 27,321661 
days. Find approximate values for this time. 

Ans. 27, ^, ^^, %V>^c. days, which show that 
the moon revolves about 3 times in 82 days ; or 
with : greater accuracy, 28 times in 765 days ; 
and with still more accuracy, 143 times in 3907 
days. 

7. The flidereal revolution of Mercury is 87,960255 days. 
Find approximate values for this time. 

Ans. 88, «fiS &c. 

8. The sidereal revolution of Venus is 224,700817 days. 
Find approximate values for this time. 

Ans. 225, ^\ M^, 2^\ 2^0, &c. 

. 9. The ratio of the circumference of a circle to its diam- 
eter is 3,1415926535. Find approximate values for this 
ratio. 

Ans. 8, V, «f , ftf, A;c. 



^ 



CH. IX.] CONTINUXD FRACTIONS. 261 

Approximate Roots of Equation. 

232: Corollary. The process of "art: 289 may be 
applied to finding the real roots of an equation^ the 
approximate values of which^ obtained by this process^ 
can easily be reduced to decimals. 

EXAMPLES. 

1. Find the real root of the equation 

Sohaion. We have, in this case, 

4 = 2, 

and if we substitute 

.* / = « + v. 

in the given equation, we obtain 

6 z' 3 — J9 z' 2 — 6 «' — 1 = 0, 
whence we have 

a = 2; 
and the f nbstitution of 

gives 

x"8_30x//2 _ 27z" — 6 = 0; 

whence we have 

of = 32, 
and so on. ' 
The approximate values of x are, therefore, 
2, 2i = 8,5, 2tf = 2,402, &c. 
. 2. Find the real root of the equation 
x9 _ 12 X — 28 = 0. 

Am. z:sz 4,30218. 
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Approximate Roots of Eqtraliofi-. 

3. Pkid the real root of tlie equation 

x> — 12 a;» + 57« — 94 ^ 0. 

233. Corollary, If the given equation is a binomial 
one, as in art. 149, we can obtain, by this process^ a 
root of any degree whatever, 

EXAVPLirs. 

1. Extract the square root of 5 by means* of continued 
fractions. 

Solution. Representing this root bj x, we have 
xa = 5, . 
whence 

^ = 51; 

and the substitution of 

gives 

x/2_4a;'_f = 0; 

whence we have 

a:^4; 
and the substitution of 

gives 

which, being precisely the slime w4eh the ^^latSMfbf'xV we 
may conclude that 
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Approximate Roots of Equation. 
and the approximating values are 

and the value in decimals is 

2,23606. 

2. Extract the third root of 46 by means of continued 
fractions. 

Arts. 3^583. 

3. Extract the third root of 35 by means of continued 

fractions. 

Ans, 3,271. 

4. Extract the square root of 2 by means of continued 
fractions. 

Ans, 1,4142136. 
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EXPONENTIAL EQUATIONS 
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liOOARITHMS. 



r 



EXPONENTIAL EQUATIONS 



ANJD 



LOGARITHMS, 



SECTION I. 
ExFOirsiTTiAL Equations. 

• 1. .An Exponential Eqiuition is one in which the 
unknown quantity occurs as an exponent. 

2. Problem, To solve the exponential equation - 
6* = m.' 

/Solution, This equation is readily solved by means 
of continued fractions, as explained in Alg. art. 2r29. 







EXAMPLES 


1. 


Solve the equation 








3* = 


100. 


Solution. 


Since we have 




1/1 




3* = 


81, 


ia 




3* = 


243, 






22* 
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Solution of Exponential Equations. 

the greatest integer contained in x must be 4. Substituting 
then 

we have 

3* ^^ == 100, 
or 

3*. # =81 X 3^= 100; 
and 

3?=V¥*; 
which being raised to the power denoted by x\ is 

By raising ^ to different powers, the greatest integer con- 
tained in «' 13 found to be 5. Substituting then 



5+i 



we have 



^-v^r^-mW' 



or 



_ loooooooo bo (]^^\^. 

"■ 3486784401 ^ \ 81 / 
Hence 

/ 1,0460353203 V" :?= -^, 

from which the greatest integer contained in x" is found to 
be 4; and in the same way we Bright comtinue the pro- 
cess. 

The approximate values of scare then 
4, 4^, 4^, = 4,l9,&c. 



♦ 
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Mtttion of fi^poBieiitial Equatiow. 

2. Find an approximate value for x, in the equation 

Ans. X = 2,46. 

3. Find an approximate Talue for x, in the equation 

10* = 3. 

Ans, X = 0,477. 

4. Find an approximate value for t, in tlie equation 

Ans, X = 0,63. 

3. Corollary, Whenever the vahies of p and m are both 
larger or both smaller than unity, the value of x is positive. 
But when one of them is larger than unity while the other 
is smaller, the value of x must be negative ; for the positive 
power of a quantity. larger than unity must be larger than 
unity, ami the positive power of a quantity smaller than 
unity is smaller than unity ; whereas the negative power, 
being the reciprocal of the corresponding positive power, 
must be greater than unity, when the positive power is less 
than unity, and the reverse. 

Hence to solve the equation 

in which one of the quantities, b and m, is greater 
than unity, while the other is smaller than unity, 
make 

* = — y, 
which gives " 

or 



0)'= 



m, 

which may be solved as in the preceding article. 
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Positive and Negative Logaritlimf. 

EXAMPLES. 

I. Solve by approximation the equation 

Ans. « = — 0,25. 
3. 3olve by approximation the equation 

2' = f 

Ans, xs=.-l,58. 



SECTION II. 
Naturs aitd Properties of Looabithms. 

4. The root of the equation 

l/" =z m 

is called the logarithm of my and since, by the/ pre- 
ceding section, this root can be found for any value 
which m may have, it follows that every member 
has a logarithm. The logarithm of a number is usual- 
ly denoted by log, before it, or simply by the letter I. 

5. But the value of the logarithm varies with the 
value of i, and therefore the value of 6, which is 
called the base of the system of logarithms, is of^great 
importance; and the logarithm of a number maybe 
defined as the exponent of the power to which th^ base 
of the system must be raised in order to produce this 
number. 



^ ti.] HaTURE and PROPERTrES OP LOGARITHMS. 261 

■ ■ ■ t , ■ ■■ - ■ ■ — 

Lpgarithm of Product and of Power. 

6. Corollary, When- the base is less than unity, it 
follows, from art. 8, that the logarithms of all num- 
bers greater than unity are negative, while those of 
all numbers less than unity are positive. 

But when, as is almost always the caise, the base is 
greater than unity, the logarithms of all nu/mb^s 
greater than unity are positive, while those of all 
numbers less than unify cire negative. 

7.. Corollary, Since - 

•b^ =s 1, 
it follows that th^e logarithm of unity is zero in all 

8; Theorem. The sun%fi of the logarithms of several 
numbers is th^ logarithm of their continued product. 

Demonstration. Let the numbers be m, m', m", Slc, and 
let b be the base of the system ,* we have then 
5Iog.m __ ^^ 

6if.«i''==m", d&c. ; 
the product of which is, by art. 25, . 

5 log.m + iog. «' + iog.iii" H-^c. ^mm' m" &c. 
Hence, by art. 5, 
log. m m' m" &c. = 1<^, m + log. m' '+ log. m" -|- &c. 

9. Corollary, If the number ot the factors, m, mf, &c. is 
n, and if they are all equal to each other, we have 

log. mmm &c. =s log, m •-(- log. m -f- log. m -f- &c. 

or 

log. m» = « Jog. m ; , 
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Logarithm of Root» Quotient, «pd Reciftrocal. 

that i»^ the hgiarithm of any power i^ajii^beria 
equal to -the logarithm of the number multiplied hy 
the exponent of the power, 

10. Corollary. If we substitute 

p = m», 
or 

n 

m = \/ji, 
in. the above equation, i$ becomes 

log. p z=zn log. ^/p, 

that iS) ^Ac logarithm of any root of a number is equal 
to the logarithm of the number divided Ay. the expo- 
nent of the root. • 

il. Corollary, The^equation 

log.' mm' =z log. m + log. m', 
gives log. m' = log. m m' — log. m ; 

that is, the logarithm of one factor of a product is 
equal to the logarithm of the product dimmished by 
the logarithm of the other factor ; or, in other words, 

The logarithm of the quotient is equal to the toga- 
rithm of the dividend^ diminished by the logarithm of 
the divisor. 

12. Corollary. We have, by arts, U and 7, 

log. - = log. 1 — log. n 

==— log.n; 
that is,, the logarithm of the reciprocal of a number 4s 
the negative of the logarithm of the number. 
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Logarithms in different Systems. 

13. Corollary. Since zero is the reciprocal of in- 
finity, we have 

log. = — log. 00 = — 00 ; 
that is, tile logarithm of zero is negative infinity, 

14. Corollary. Since w^ have 

<he logarithm of the ba$e of a system is unity, 

16. Theorem. If the logarithms of all numbers are 
i!alculated in a given system^ they can he obtained for 
any other system by dividing ^tke given logarithms 
by the logarithm of the' base of the required system 
taken in the given system. 

Demonstration, Let 6 bei the base of the given « system, 
and h' that of the required system ; and denote by log, the 
logarithms in the given system, and by log,' the logarithms 
in the required system. Taking then any number m, we 
have, by art. 6, 

and 

whence - 

j/log-'m _- Jlog.m, 

If we take the logarithms of each member of this equation 

in the given system, we have, by arts. 9 and 14, 

log,' m X log. 6' =5 log. m X log. b == log. m, 

or, dividing by log. 6', 

, , log. m 

log.' m = r-^/ 

® log. 6' 
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Logarithms of a Power of 10. 



SECTION III. 
CoMMQir Logarithms ai«d thxir Usks. 

16. The base of the system of logarttbms in eoBi- 
mon use is 10. 

17. Corollary, Hence, in common logarithms, we have, 
by arts. 14 and 7, 

log. 1=Q, 

log. 10 = 1, 
log. 100 = log. m = % 
log. 1000 == log. 103 = 3, 
log. 10000 =r log. 10* =4, 
&c. &c. 
also log. 0,1 = log. ro-i = — 1, 

log, 0,01 = log. .10- 2 ^ _ a, 

log. 0,001 :== log. 10-3 s: --8, 

d&c. &c.'; 
that is, the hgarithm of a number,, which is e&mposeif 
of a figure 1 and cyphers, is eqUal to the numter of 
places by which the figure 1 is removed from the place 
of units; the logarithm being positive when the figure 
I is to the left of the units^ place, and negative when * 
is to the right of the units^ place. 

18. Corollary, If, therefore, a number is 

between 1 and 10, its log. is between an<i 1^ 
if between 10 and 100, its log. isl)etween 1 and 2, 
if between 100 and 1000, its.log. is between '2 and 3, 
and so on. 
But if between 0,1 and 1, its log. is between — 1 and 0, 
if between 0,01 & 0,1, its log. is between — 2 and — 1, 
and so on. . 
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To find the Logarithm of a given Number. 

' Hence, if the greatest integer contained in a loga^ 
ritlim is called its characteristiCf the characteristic of 
the logarithm of a number ia equal to the number of 
places by which its first significant figure on the left 
is removed from the units^ place, the characteristic 

^ being positive when this figure is to the left of the 
units'' place, negative when it is to the right of the 
units^ place, and zero when it is in the units'' place, 

19. Logarithms have been found of such great 
practical use, that much labor has been devoted to 
the calculation and correction of logarithmic table?. 
In the common tables they are given to 6, 6, or 7 
places of decimals. In almost all cases, however, 
5 places of decimals are sufficiently accurate ; and it 
is, therefore, advisable to save unnecessary labor, and 
avoid an increased li«ibility to error, by omitting the 
I^aees which may be given beyond the first five. 

20. Problem. To find the logarithm, of a given 
number from the tables. 

Solution. First. Find the characteristic by the 
rule of art. 18. 

The characteristic is the most important part of the loga- 
rithm, and yet the unskilful are very apt to err in regard to 
Ity not appearing to consider that an error of a single unit in 
its value will give a result 10 times as great or as small as it. 
should be. 

If the characteristic thus found is negative, the 
negative sign is usually placed above it, that this sign 
may not be referred to the decimal part of the loga- 
23 
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FiadiDg a Logarithm. 

rithmj which is always positive. Bui calculators are 
in the habit of avoiding the perplexity of a negative 
characteristic by subtracting its absolute value from, 
10, and writing the difference in its stead; and, in 
the use of a logarithm so written j it must not be far" 
gotten that it exceeds the true value by 10. 

Secondly. In finding the decimal part of the logo- 
rithmy the decimal point of the given number is to be 
wholly disregarded, and any cyphers which may pre- 
cede its first significant figure on the left, or follow its 
UmI significant figure on the right, are to be omitfed. 

When the number thus simplified is contained 
within the limits of the tables, which we shall regard 
as extending to numbers consisting of four places, 
the decimal part of its logarithm is found in a hori- 
zontal line with its three first figures, and in the 
column below its fourth figure; the second, third, 
and fourth figures, .when wanting, being supposed to 
be cyphers. 

When the number consists of more than four places, 
and is, therefore, beyond the limits of the tables, point 
off its first four places on the left and consider them 
as integers, regarding the other places as decimals. 

Care must be taken tiot to confound the decimal point 
thus introduced with the actual decimal point of the number, 
of which it is a]toge|her independent. 

Find, in the tables, the decimal logarithm corre- 
sponding to the integral part of the number thus 
pointed off; and also the difference between this loga* 
rithm and the one next above it, that is, the logarithm 
of the number which exceeds this integral part by 
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Finding » Logarithm. , 

unity; this difference is often given in the margin of 
the tables. 

Multiply this difference by the decimal part of the 
number as last pointed off, and omit in the product as 
many plaices to the right as there are places in this 
decimal part of the number. 

The product J thus reduced, being added to the deci- 
mal logarithm of the integral part of the number, is 
the decimal part of the required logarithm. 

21. Corollary. This process for finding the deeimal part 
of the the logarithm of a namber, which exceeds the limits 
of the tables, is founded on the following law, easily dedaced 
from the inspection of the tables. 

If several numbers are nearly equal, their differ- 
ences are proportional to the differences of their loga- 
rithms. >- 

EXAMPUCS. 



1. Find the logarithm of 0,00925787. 
Solution. The characteristic is — 3, 
may be written 10 — 3 = 7. 


instead of which 


For the decimal part, the number is to be written 
3257.87 ; 
and we have 

log. 3258 — log. 3257 = 15 
now, multiplying by, .87 


and omitting two places 
on the right. 


105 
120 


we have 
which, added to log. 3257 — 


13 
51282 



gives 51295; 
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Number cornesponding to Logarithm. 

and the required logaritbni k 

log, 0,00325787 =3751295, 
or, it may be written 7.51295. 

2. Find the logarithm of 1.8924. Ans. 0,27701. 

3. Find^he logarithm of 757.823000. Am. 8,87956. 

4. Find the logarithm of 0,00041359. 

Ans. 4761657, or 6,61657. 

5. Find the logarithm of 0,12345. 

ilfi^. T,09149, or 9,09149. 

6. Find the logarithm of 99998. Ans. 4,99999. 

22. Problem. To fnd the nwmber eorresponding to 
a given logarithm. 

Solution. First. In fnding the figures of the re- 
quired number^ the characteristic is to be neglected. 

When the decimal part of the given logarithm is 
exactly contained in the tablesy its corresponding num- 
ber can be immediately found by inspection. 

But when the given logarithm is not exactly con- 
tained in the tableSy the number^ corresponding to the 
logarithm of the table which is next below it, gives 
the four first places on the left of the required num^ 
ber. 

One or two more places are found by annexing one 
or two cyphers to the difference between the given 
logarithm and the logarithm of the tables next below 
ity and dividing by the difference between the logarithm, 
of the tables next below and that next above the given 
logarithm. 
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Number coirespoading to Logarithm. 

When tables are nsed in which the logarithms are given 
to five places, the accuracy of the corresponding numbers is 
never to be relied upon to more than 6 places, and rarelj to 
more than 5' places ; so that in finding the last quotient, ono 
place is usually sufficient. 

Secondly. The position of the decimal point of the 
required number depends altogether upon the charac^ 
teristic of the given logarithm, and is easily ascer^ 
tained by the rule of art. 18; cyphers being prefxed 
or annexed when required. . 

EXAMPLES. 

1. Find the number, whose logarithm is 8.19325. 
Solution. We have for the logarithm of the tables next 

below the given logarithm 

,19312 = log. 1660. 
Hence 

the diff. between given log. and log. ]56(r=: 13, 
also log. 1561 ~ log. 156Q = 28» 

and the quotient i|(o = 46 . 

gives the two additional places; so that the six places of 
the required number are 

156046,^ 
and the number is, therefoFe^ 

156046000. 

2. Find the number,, whose logarithm is 2,13511^ 

ilii5. 136,493l 

3. Find the number, whose logarithm ia 1,76888, 

ilii5. 58J%8. 

4. Find the number,, whose logarithm is 0,11111. 

Ans. I»a9l54. 
23* 
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Itf ultipUcation of Logarithms. 

6., Find the number, whoM logarithm iB'2fi6QS7. 

Ans. 0,0962875. 
6. Find the number, whose logarithm, when written 10 
more than it should be, is 9,35846. 

Ans. 0,22828. 

23, Problem. To fnd the product of two or more 
factors by means of logarithms. 

Solution. Find the sum of the logarithms of the 
factorsy and the number^ of which this sum is the 
logarithm^ isy by art. 8, the required product. 

When the logarithm of any of the factors is written^ as 
in art. 20, 10 m^yre than its true value^ as many times 
10 should be siAtracted from the result as there are 
such logarithms. 

EXAMPLES. 

9 

1. Find the continued product of 78,052, 0,6198, 341000, 
100,008, and 0,0009. 

Solution. We find, from the tables, 

log. 78,052 = 1,89238 

10 + log. 0,6198 = 9,79085 
log. 3410b0 =: 5,53275 
log. 100,008 r= 2,00003 

10 + log. 0,0009 = 6,95424 

log. 1479960 6,17025 
and the required product is 1479960. 
In the sum of the preceding logarithms 20 was 
neglected, because two of the logarithms were 
written 10 more than they should be. 

2. Fiud the continued product of 0,0001, 7,9004, 0,56, 
0,032569, and 17899,1. Ans. 0,259347. 
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Involution by Logtrithms. 

3. Find the continued product of 3 J 416, 0,559, and 
64,01. Ans. 112,41. 

4. Find the continued product of 3,26, 0,0025, 0,25, 
and 0,003. Ans. 0,00000611257. 

24. Problem. To fiid any fower of a given number 
by means of logarithms. 

Solution. Multiply the logarithm of the given 
numb&r by the exponent of the required power ^ and the 
number y of which this product is the logarithm^ is^ 
by art. 9, the required power. 

When the logarithm of the given number is written 
10 m^yre than it should 6e, as many times 10 must be 
deducted from the product as there are units in the 
given exponent. 

EXAMPLES. 

1. Find the 4th power of 0,98573. 
Solution. We have, bj the tables 

10 + log. 0,98573 = 9,99375 
multiply by 4 

10 + log. 0,9446 =9.97500 
and the required power is 0,9446. 
In the above product, 40 should have been neg- 
lected, but in order to avoid a negative character- 
istic, only 30 was neglected, leaving the exponent 
10 too large. 

2. Find the third power of 0,25. Ans. 0,015625. ^ 

3. Find the 7th power of 3,1416. Ans. 3020,28. 

4. Find the square of 0,0031422. 

Ans. 0,00000967325. 
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Evolution by Logwithms. 

25. Problem. To fnd aiiy root of a given number 
by means of logarithms. 

Solidion. Divide the logarithm of the given num^ 
ber by the exponent of the required rooty and the 
number^ of which this quotient is the logarithm^ is, 
by art. 10, the required root. 

When the logarithm of the given number has a 
negative characteristic^ instead of being increased by 
10, it should be increased by as many times 10 as 
there are units in the exponent of the rooty and the 
quotient will in this case exceed its true value by 10. 

EXAMPLES. 

1. Find the fifth root of 0,028145. 
8oluiion. We have, by the tables, 

50 + log. 0,028145 = 48,44940, 
which, divided by 5, gives 

10 + log. 0,489644 ;= 9,68988, 
and the required root is 0,489644. 

2. Find the cabe root of 0,002197. Ans. 0,13. 

3. Find the 10th root of 0,000.000001. Ans. 0,12589. 

4. Find the square root of 238,149. Ans. 15,4317. 

26. The arithmetical complement of a logarithm 
is the remainder after subtracting it from 10. 

27. Corollary. The arithmetical complement of 
the logarithm of a number is, by art. 12, and the pre'- 
ceding article^ the logarithm of its reciprocal increasr 
ed by 10. 
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Arithmetical Complement. 

28. Corollary. The most convenient method of 
fnding the arithmetical comjflement of a logarithm 
is to subtract the frst significant fgure on the right 
from 10, and each fgure to the Itft of this fgure 
from 9. 

EXAMPLES. 

1. Find the arithmetical complement of 9,62595. 

ilii5. 0,37405. 

2. Find the arithmetical complement of the logarithm 
of 6. Ans. 9,22185. 

3. Find the arithmetical complement of the logarithm of 
0,07. Ans. 11,15490. 

4. Find the reciprocal of 0,01115. 
Solution. We have, by the tables, 

log. 0,01115 (ar. co.) 11,95273 
subtract 10 



log. 89,6|S 1.95273 

and the required reciprocal is 896,8. 

5. Find the reciprocal of 2330. Ans. 0,00042918. 

6. Find the reciprocal of 68,99. Ans. 0,014494. 

29. Problem. To find the quotient of one number 
divided by another by means of logarithms. 

Solution. Subtract the logarithm of the divisor from 
that of the dividend, and the number, of which the 
remainder is the logarithm, is, by art. 11, the required 
quotient. 

Or, since, by art. 58, multiplying by the reciprocal 
of a number is the same as dividing by it, aM the 
logarithm of the dividend to the arithmetical cample- 
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Division by Log^arithms. 

fnent of the logarithm of this divisor, and the sum 
diminished by 10 is the logarithm of the quotient. 

When the logarithm of the dividend is written 10 
m^n'e than its true value, 20 must be subtracted from 
the sum, instead of\Q. 

EXAMPLES. . 

1. Divide 0,01478 by 0,9243. 
8ohitum, We ha?e, by the Ubles, 



10 4- log. 0,01478 


8,16967 


log. 0,9243 (ar. 


CO.) 10,03419 


10 + Jog. 0,01689 


8,20386 


and the required quotient is 0,01599. 


2. DiTide 0,00615 by 0,002& 


Ans. 3,96. 


3. DiTide 40,32 by 2240. 


Ans. 0,018. 


4. Divide 0,875 by 25. 


Ans. 0,035. 


5. Divide 0,013 by 0,13. 


An*. 0,1. 



30. Corollary. The value of any fraction may be 
found by adding together the logarithms of all the 
factors of the numerator and the arithmetical complex 
ments of all the factors of the denominator, and sub^ 
trading from the sum as many times 10 as there are 
arithmetical complements plus as many times 10 as 
there are logarithms of the factors of the numere^or, 
which are written greater than their true value by 10 ; 
the renhainder is the logarithm of the fraction. 

EXAlfPLES. 

I. Find the value of the fraction ^ ' ^ — - — . 

(1,23)*X(0,006)« 
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Various Examples of the Use of Logarithms. 

Sobtiion, We have, from the tables, 

10 + log. (0,327)7 6,70185 

log. V 19,81 0,64844 

log. (1,23)* (ar.co.) 9,97023 
log. (0,005)> (ar. co.) 14,60206 

log. 3,672 1,92258 

and the required value is 83,672. 

2. Find the value of the fraction ^ ( ^'^^^ -)' 
Ans. 0,2308. 

o i:, J u , ^ .. r 9 /347 X\/0,0073v 
8. Find the value of the fraction ^ I ^ 1 

^ 126 XVt f 

Ans, 1,0666. 

31. Corollary. The logarithm of the fourth term 
of a proportion is found by adding together the arith- 
metical complement of the logarithms of the first term, 
and the logarithms of the second and third terms. 



EXAMPLES. 

1. Find the fourth term of the proportion 

963 : 1279 = 8,7 : x. 

Solution. log. 969 (ar.co.) 7,01637 

1<^. 1279 3,10687 

log. 8,7 0,93952 

log. 11,555 1,06276 

and we have x = 11,555, 

2. Find the fourth term of the proportion 

0,0138 : 0,319 = 76,5 : x. 

Am. % ss 1768,3. 
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Exponential Equation. 

32. Problem. To solve the exponential equation 

a* •= nij 

by means of logarithms. 

Solution, The logarithms of the two^ members of this 

equation give 

X log. a = log. m ; 

hence _ log. m 

log. a* 
or log. X = log. log. m : log. log. a; 

that is, the root of this equation is equal to the loga- 
rithm of m divided by the logarithm of a, and this 
quotient may be obtained by the aid of logarithms. 

EXAMPLES. 

1. Solve the equation 

625* = 3125. 
Solution. We have, from the tables, 
log. 3125 = 3,49485, 
log. 625 == 2,79588; 
and also 

log. log. 3125 =1: log. 3,49485 = 0,54343 
log. log. 625 = log. 2,79588 = 0,44642 



log. X = log. 1,25 0,09701 ; 

hence % = 1,25. 

2. Solve the equation 

3* = 15. 

Ans, X = 2,464. 

3. Solve the equation 

10* = 3. 

Ans. X = 0,477. 

THE £N0. 
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